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ABSTRACT: The beams are really useful for a large number of engineering structures. In this article,
a simple, robust beam element will be formulated. Other researchers utilized several theories such as
Euler-Bernoulli, Timoshenko and higher-order shear for analyzing the beams. The proposed formulation
will be written based on satisfying the equilibrium equation. Using the equilibrium equation reduces the
number of unknowns in addition to improving the efficiency of the new element. The suggested element
has only two nods and two degrees of freedom per node. The third and second-order polynomials will
be used for vertical displacement and rotation fields, respectively. After calculating the matrix of shape
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functions, the governing equations of statics, free vibration and buckling analysis can be written. Finally, 5. .
using the suggested element, static analysis, free vibration and buckling were performed on several

problems. To prove the efficiency of the new element, a large number of benchmark tests will be utilized. Equilibrium equation
These numerical tests have various support conditions and different aspect ratios. With the help of these
tests, rapid convergence and high accuracy of the proposed element will be shown. The new element
has high efficiency in all of the static, free vibration and buckling analysis for both thin and thick beams

besides its simplicity. Good element answers of other researchers will be available to have a better comparison. .

Static analysis
Free vibration

Buckling.

1- Introduction

The beams are common structural members in most
engineering structures. The static and dynamic characteristics
of beams are evaluated using classical deformation theories
or modified shear deformation theories. The first theory of
beam bending was based on the Euler-Bernoulli hypothesis.
This theory overestimates the buckling load of the beam
by ignoring the effects of shear deformation and the
concentration of transverse stress. Hence, this theory applies
only to narrow beams. In this approach, by increasing the
thickness of the beam and shear effect deformation, the error
of response is increasing. The next method used in bending
beam analysis is the Timoshenko beam theory or the first-
order shear deformation theory, which can take into account
the shear deformation effect to some extent. In this theory,
since it is difficult to calculate the actual transverse shear
stress distribution on the cross-section to assume a plane
cross-section after deformation, a shear correction factor is
needed to correct the shear stiffness in the calculations. The
effect of shear transformation is formulated in Timoshenko’s
theory. Therefore, this method has a better result, especially
in deep beams in which the shear effect is impressive.
Up to now, many elements have been presented based on
Timoshenko’s theory. These elements are classified into two
groups which are simple and higher-order elements.
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Li et al, by establishing a relationship between
Timoshenko’s beam theory and classical shear deformation
theory, proposed a new strategy for determining the
natural free vibrational frequencies of beams [1]. A new
isogeometric method was developed based on Timoshenko’s
beam theory to study the free vibration of thick Timoshenko
beam by Lee and Park. They used three modified methods
in the beam analysis. They also identified shear locking
errors in the analysis using numerical tests [2]. Arvin
proposed a new relationship for the analysis of the free
vibration of micro-rotating beams based on the strain
gradient theory and the hypotheses of the Timoshenko
and Euler-Bernoulli beam models. He used the differential
transform method to obtain axial natural frequencies [3].
Isogeometric collocation methods for solving the problem
of Timoshenko’s beam were proposed by Veiga et al. Using
this solution will eliminate the shear locking error[4]. Torabi
et al. proposed a close-form solution for analyzing the free
vibration of Timoshenko’s beams under the arbitrary load
[5]. A new Timoshenko’s beam element was presented by
Zhang et al. They analyzed the behavior of static bending,
free vibration and buckling of Timoshenko’s micro beams
[6]. Hsu developed an enriched finite element method for the
free-vibration analysis of various Timoshenko beam models.
They used both generalized finite element (GFEM) and
hierarchical finite element (HFEM) methods for element
formulation[7].
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In this article, a simple, robust beam element is formulated
with the help of Timoshenko’s theory. This formulation is
written based on satisfying the equilibrium equation. Using
the equilibrium equation reduces the number of unknowns
in addition to improving the efficiency of the new element.
The suggested element has only two nod and two degrees of
freedom per node.

T
i

Fig. 2. Initial geometry of suggested element.

2- Proposed element’s formulation

In the beginning, the third and second-order polynomials are
used for vertical displacement and rotation fields, respectively.
After calculating the shape functions’ matrix, all of the fields
were written based on the nodal unknowns’ vector. The initial
geometry of the proposed element is represented in Figure 1

. Equation (1) shows the governing relation for the
Timoshenko beam. Using matrix form of suggested fields
in equilibrium equation reduced the number of unknowns. A
satisfying equilibrium equation creates a dependency between
the nodal degrees of freedom as Equation (2). Where E, G,
A, 1, and I represent elasticity modules, shear modules, area,
the moment of inertia, shear correction factor and length,
respectively. By eliminating three degrees of freedom( , , ),
the final geometry of the element has only two nodes and two
degrees of freedom per node, same as Figure 2.
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Fig. 3. Final geometry of proposed element.

With the help of these new fields, the strain energy function
is calculated. By minimizing strain energy, the stiffness matrix
will be available the same as Equation (5). Also, by utilizing
Hamilton’s principle and external work of axial force, the
mass matrix and geometric stiffness matrix are obtained,
respectively. These matrices are as below:
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Where N, and N show shape function matrices of vertical
deflection and rotation, respectively. Also, represents density.

3- Results and Discussion

For proving the excellent efficiency of the proposed element,
several different benchmarks are used. In the beginning,
calculating the frequency results of the new element compared
with the isoparametric Timoshenko beam shows rapid
convergence of the suggested element. The proposed element
results in high accuracy even for coarse meshes. Then, the
ability of the proposed element in free vibration analysis of
beam with several support conditions is evaluated. For this
purpose, six different support conditions containing clamped,
pinned, sliding and free conditions were utilized. In addition,
the beam in each support condition has been analyzed for seven
different aspect ratios. Responses of good elements of other
researchers in each one are available. Comparing the results
of a new element with good elements of others shows the high
accuracy of the proposed element even for higher modes’ natural
frequencies responses. For the exhibition the efficiency of new
elements, static and buckling analysis is performed beside the
free vibration numerical tests. Based on these benchmarks, the
proposed element has an excellent performance also in the static
and buckling problems.
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4- Conclusions

In this article, a new beam element is proposed. Satisfying
the equilibrium equation, in addition to the efficiency of the
proposed element, reduces the number of unknowns. The simple
suggested element has high accuracy and rapid convergence for
all static, free vibration and buckling analyses. Several numerical
tests with various boundary conditions and different aspect ratios
for the beam are utilized to prove the efficiency of the proposed
element.
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Fig. 3. Converging of proposed element comparing to Timoshenko isoparametric element
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Table 1. dimensionless natural frequencies for clamped supports with varies length to thickness ratios

Mode
L/h Theory
\ Y Y ¥ A 4 Y A 4 Ve
Classical theory FVY-F YABYY  V-/A%0%  VENYVY O AYAYAA O YSEYSE O YYBSNS YAVSTS YAATRY  YY/AARY
Qee Lee and Schultz[11] FIVYA9A  VIAOYAD V-4 VFAYAR WVYYEE YS/FIPA YYOOPY  YRFAF YAATFA YYAVYA

Kocaturk and Simsek[18] FYYAQY  Y/ABYAF  1-/23FQ VEAYOA  \VYVEY  Ye/f\EF YYOVE  YA/VAY) R -

Simsek and Kocaturk[19] AAARS YIAOYQ ARTARA A ARZARIAN \NAaisd Y-f\yY - - - _

Proposed AZAAR YA YIAQYA# ARVARIA VENYE VYIYVEA ARYARNAS YY/0OVA Y#I£AA YA/AYAY YY/AYAS

—«

Yoo Lee and Schultz[11] FIVYAPY  VIADISY V480V VEAYRY AY/Yea) SIFAD YYOYAY  YR/POPY  YA/VALA YYA--q

—

Kocaturk and Simsek[18]  f/vesy  viasisy  a-aar AFAYAY vives SFAAY O YYIOYAA  YRIFSAA - -

—

Simsek and Kocaturk[19] /¥ YA®YF 1AV AFATIE AVYBRAY  Ye/rIAS - - - -

—

Pr()p()sed f/vyasy YIAON£Y ARIAR NG ARAR YA ANZARNN RARSAY YY/oy-A \tia\NYd YA/YADA Yy/a-ay

—«

Yoo Lee and Schultz[11] FIYYAT  VIATFA Ve /AA VENEY VIYYSS SYYYAOYYIFYYO  YRONAY  YARAYS  YYEMNY

AYAR VEN -2 VYIYYEY

—

Kocaturk and Simsek[18]  f/vvAv  viA¥sA% YRS OYYEYYA YSIOYEY - -

Simsek and Kocaturk[19]  fivras YIAF£A SAASY VENSSE AVYYE] YYD _ _ _ i}

Proposed TIVYAY YIAfFAY AV VEN-2E VYIYYOY ARVAREAN YY/EYOA YZIOYOY Ya/g-vy YYIFEAY

</AYF) ARART\ ¢ \V/-£YR Yel-AFA YY/-#AY \tZARY Y4 YAIR-HY YV/IVOOA

& Lee and Schultz[11] FYYYD VIAYAYY

Kocaturk and Simsek[18] FIVYYEY  VIAYAVS SAYYA VEOF  AV/EYD Ye[-ASF YY/-SVA Y&/Y - -

Simsek and Kocaturk[19]  fvwvo  viAvAy SAYED VFNEY VPP YA . - - -

Proposed FIVYYD YIAYAYY </AYFY VE/-NPY VY ARYER T4 YY/-YYA Y#I-Y7 YAAYFO YV/A-YO

<IPFN \AVAZA N ALZATAN VAIVYYA ARTAYATA YYIDVFA YOINEYY YVIAPEY

Ak Lee and Schultz[11] FIPARYVIVevaY

Kocaturk and Simsek[18] fraav  viv-va SEYAL OYPANY VFNBAS VANYYE YANAYS YV - -

Simsek and Kocaturk[19]  f#a-v  viveay SFEEYAYEYSY  VFAYAY  VAVAVY - - B )

Pr()p()sed \iZ553 YIV-YYO < FFNY VY/EPER VEINFAY YAIVOY ARVARRAY YY/QVOA YO/AYTFY YAl--Y0

\B Lee and Schultz[11] FIOVA00  YAYYAYY  UABSYY  VYAFAF  VEAYYE  ASAVFAY  IVAYIA VBYYY  YVAIAL  YY/AVYD

Kocaturk and Simsek[ls] FOVAAY  YAYAYY  4/AB00  YYATAY  VENYYY  VENEYA AVAYYE VAYVAA R -

Simsek and Kocaturk|[19] FIOAY YIYEeY /AN VWAASY  VEXVA VBITYVY _ _ _ i

Proposed flovasy YiFYyay AABRNA Y OF VE/YOVY VFIVATN VY/AA-Y V4/285) YVYOYY YY/IVOAA

I Lee and Schultz[11] FYEY-)  SFAVAE AYAOYY  Q/FVY VVEFAY  AYEELY  OYFASY  AYAY-Y  AF/FAF VFAYAY

Kocaturk and SimseK[18]  F//T3A  #Fwvar  AYAOYS  RASYPY O NVFTAZ O AYEYOY ATRASY VYA - -

Simsek and Kocaturk[19]  fivosy FIESFY AMYYOA V[ ¥FF  \VOYVE  \Y/ALSY _ _ _ i}

Proposed FIVEYY £IFVavy AIYQ-YY RYARTARS] VV/YYYY \Y/FA-Y VY/SYAS \\aYd VEIOVAA VO/-YVA

£V
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Table 2. dimensionless natural frequencies for pinned supports with varies length to thickness

ratios.
Mode
L/h Theory

\ Y Y ¥ I 14 \4 A ) Ve

Classical theory FARIAA  FIYATIA AUFYEA VY05 E VOV A VAAFRZ  YVARNY O YONTYY  YANYEY  YVfied

O Lee and Schultz[11] YIVEVOA FIVAYY AUFYFO VIOSOY  NON-SF VAARYY  YVRAYD  YONYYY  YANRRS YV/FLoY
Kocaturk and Simsek[18] ¥nfier  svarn AUFYFO VYIOROS  NON-FF VAATYY  YAAAYA YO/-SYO - -
Simsek and Kocaturk[19] 1o FIVAYY AUFYFE \YIOPOF  NON-FF YAAFYY - - - _

Proposed YNTI0A FIYAY'Y 4/FYFO NZNG VOV -£A VAAEYS  YAAAAY  YONAYAA  YAYRAY  YY/FedA

Yoo Lee and Schultz[11] YAEIOY  SIYAYSO AfYY VY/OPYY VO/FAY VAAYAY  YVASAY  YA/LAAA YAINYSY  FVYEAA
Kocaturk and Simsek[18] ¥nfey  sivavee Yy WOPYY  N0/9F VAAYDY  YVARAY YOO - -
Simsek and Kocaturk[19] ¥/ %o FIVAYS UFYYA AVFYY V05395 VAAYDY . - B N

Proposed YARIOY  SIVAYSS Yy VOSYY /P38 VAAYAY VRS YA YAIYY VYOSt

Yoo Lee and Schultz[11] YARIYY  SIYAV-S A/RVYE VUOFRY AO/SVER VAVAYS YA/A-NY YFARAA YALATD YIN08A
Kocaturk and Simsek[18] oy svmeo afIve VVOFAE  N0/EVER AAVAYD VAR YOy - -
Simsek and Kocaturk[19] /9 FIYAY AAANCR R 71N £ ST/ SRR PVICN 22 - - . B

Proposed YARIYY  SYAY-S A/RIVE VOFAE  NOFYOF  VANVAYY  YVAYE YA eYE YALAYY  YANYed

O Lee and Schultz[ll] YVE-OF FIVVEVY a/yasy \Y/Faq¥ VO/OYA¥ VAIEYAY YV/PEEY YE/FYYY YV/0044 Y- /FOYY
Kocaturk and Simsek[18] rnf-ov  sivvey a/yasy VY/FAAY VD/BVAY VAIEYA. YVFEEE YEIPYER - -
Simsek and Kocaturk[19] ¥/ f-o FIYVEY a/vary \Y/FRRF VOYAT  VAFYAY - - - -

Proposed TAEOY  FYVEVY axase IRZAASCUR T/ AV SRR VY72 AT AV/2 ) S 4 72 VS YYBAY Yo

Y. Lee and Schultz[11] TAYEAIA SIS YAOF YA 1FAAYS WIPAY YOXFEY O YYIPAPY  YONVY O YY/YYSY
Kocaturk and Simsek[18] vy #inivy avoot VYAAY  VFARYS AVPALY  YVEFD YY/PALQ - -
Simsek and Kocaturk[19]  rOYfa  #ymy  ayaef  AvAAF VFASTE WYRAYS - - B} B}

Proposed FAYEL FYTIED aves VYAAYS VF/A44 WEAAE  YSNVYR O YYNVYOY  YOdeF YYIPEYY

\e Lee and Schultz[11] YIVOFA  FAe£5 AATSOY  VVYFYY YsIYY VOIPVA WY-0  VAXVEY YL/AYYD YY/FEEY
Kocaturk and Simsek[18] ™oy #1-9-72 AJAF-FA VIYFY WY/EAYY VOIPYER \VioY ARVARAZ - -
Simsek and Kocaturk[19] v»nw» #1945 A AAEVE  VPESY ATEYSY VaFarA - . - _

Proposed ATARYY LS /EE UL SRVY/N 3 4 CURNNRRYA o S8 SRR Y /72 7N SRR YNIZEN SR N72 A S WA R VA S EAGRN VEY 2SN 4 772 77

[\ Lee and Schultz[11] YIOFOYY  QIFYIO0  VIAYADY  4/£aY-Q VV/YYY VIEYY  AYLYYY O AYFEEY VAT VE/FYVA
Kocaturk and SimseKk[18]  v/-fovr  opvios  VAYA¥L @#028Y VY AYRAYY AYATYY VYFREY - -
Simsek and Kocaturk[19]  v/-fo¥ VY gl SV VWYEYS  AY/EYYY - - - _

TIOEOYY  Q/PYYTY VIAEYY  Q7EYYA VVYEFA VYISEY VWEAR VY/EPEE IZACE N 772N

Proposed

£+47A
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Table 3. dimensionless natural frequencies for free-free condition with varies length to thickness

ratios
Mode
L/h Theory
\ Y Y f Iy 4 \4 A b \e
Classical theory FINY-F VIAOYY Ve/A908  VEAYYY O VYYYAA O YS/FYSE O YYASNR YEIV-YD  YAATAY  YY/AASY
Do Lee and Schu]tz[lll FIVY VIABY-¥ ) e/a90Y VENYEY VYIYYY YA/EAVE O YYI0OVD Y£IPAY YA/AY® YY/AVEE
Kocaturk and Simsek[18] FIVY VIABY Y ) +/340) VENYE VWIYVEA  Yo/FISO YYIOYR YEISVA) - -
Proposed FVY- ) VIAGYSE YR30 VEAYSY AVITYYY Yo/EVA L YYIO0AD Y£/729 YUAFAD  TYAAN
Yoo Lee and Schultz[11] FVYAAY  VIABYIY  Ve/23YA YEATIY AVYAVA Y/EeYY YYIAYF) Y#IPPY YAYAAD YV F
Kocaturk and Simsek[IS] FIVYAAY  VIAOY VP V49TV VEAY-R WIYSYY Y /f0Y  YYOYYA  YRIPEW - -
Proposed FIVYAAY  VAOYIA  Ve/AAYA VENYAY \V/YEA Ye/FeY O YYIOYOF  YS/SPOR YA/VAYE  YY/AIAY
Yoo Lee and Schultz[11] FAYDIA  VAFRCA  VAAFY VFAYY WIYYD  YS/XFAY O YY/FAVS YRIOFYS  YASYYA  YYSAM
Kocaturk and Simsek[18]  fvy)7 VAT V-RARY AFNIYR OVYTYE YORRYY O YYIFEeY YEIOYY - -
Proposed FYYOIA  VAFR-4 V/AAFF VEAYE YAYAY  YorFad YYFAFR YAOFAY YASYRE YYVeaY
O Lee and Schultz[11] FIVYSOL VIAYSYR N e/A0-A NEAFYE AVASYA O YSNFIA YPAYAE YRAAVA YAA\FA L TVAARS
Kocaturk and Simsek[18] FIYYFOA  VIAYSYY Vo/A0+0  VELEYE AYALYY YT YYNYOA YEVVY - -
Proposed FIVYSOR  VIAYSAY Ve /30) VE/FYS AN Y N EPF AAALSY AEZARYS SR S VRS o 4 SRR A VAN AT
Y. Lee and Schultz[11] FIVCAVY VIVOEE Ve vYYY \isef VPITOD YAAAYY  YVFAYE O YYASOE YSNYYD  YAYARQ
Kocaturk and SimseKk[18]  f/v-Avr  vivof-y  vvery avizers VEIYO YAAYAY  YAFAVY YY/ATER - -
Proposed FIV-AVD  YIVOEYA  VVYEE AYPYA ARYSES 19 Y YVAY-) YRAYY O YRIYYAA YAFYVY
1. Lee and Schultz[11] FFEATA  V/RAVAR VAYAL  AYB-VE VF/SPAY A\SPYOA VAFYYO  Y./A0% YVEYAY  YY/-foY
Kocaturk and Simsek[IS] FEFATA VIFAVAY N AYOF AYA-VE VEIPEA VEIFYOY VAIEYYY Y-/ YAY - -
Proposed FFEADS  VIFAYAD  V-NYAR AYIBIYY VE/PAQ) VEIEVES VAIB-YY  YeNAFR YIVYS YYYYAY
[N Lee and Schultz[11] FIEFAOA  FASYOY  ANYYAY  Ve/FeQF VVVAEY  AYAISY ATIO0AY YISOV VEIFAYY VEIVYAT
Kocaturk and Simsek[IS] FIFFAOA  FIA-YOF AIVYYAE Y ./fear Vi/va¥ \YIAEY \WIOOAY  AYEOY - R
FIEFAA FACEYY AVYARYE  VCFYTE V1ANAE AYATYY AYBVIS AYRAYA VEVAAY  VE/ALYY

Proposed

£+74
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Table 4. dimensionless natural frequencies for pinned-sliding supports with varies length to thick-
ness ratios

Mode
L/h Theory

\ Y Y ¥ I 14 A A ) \e

Classical theory VOVEA EYIYYR VIADY Vo207 VEAYYY  VVYVAA O YS/EYSE O YPIORNY YEVeYA YA/ATO)Y

Do Lee and Schu]tz[l 1] VIOV A VYYD VIABYA V+/290) VENYEY \YIYVY Yo/EAVE O YYOOV Y£/PAY YA/AYS
Simsek and Kocaturk[19]  ‘ev-4 VY VIABYA  Ve[R38Y VENTEY WITVY - - - -

Proposed VIOVCA  ENAYYO  YAOYA V-/A88)  VEATYEY AYYYYY  Yo/FYA YYO0AS  YA/PAR YYATAS

Yoo Lee and Schultz[11] VOYSA EMIVAS VAABYS VATV VEATAY AVTEYY  Yo/FeYY YYAYE YRFPYA YAVAAY
Simsek and Kocaturk[19] VOY-A FIVITY VIABY A VARAYY O VENYAY AVYEYY - - _ -

Proposed VOV-YR VYOS VIADY VORAYA VEATYY VWIVSA  Ye/FeYR O YYIOYOP  YS/SSOA YA/NAYD

Yoo Lee and Schultz[11] VOV FIVINER VIAFAA ) [AAFY Ve VWWATEA  Yo/XFAY O YYEONE YRIOFYY  YA/RYYY
Simsek and Kocaturk|[19] VOY-Y AOARN VIATAA VARAEY O VENAYY VTR - - - -

Proposed VOVeYS  ENAVER YAFAA VeAAFY VENYY AYYYAS YoXFAY YY/FAFY  YRAFAE YastY

O Lee and Sclnultz[ll] VIOV -5 FIV-AA VIAYYO ARIATN VELEYY AYASYY YSNFeA YYAYAE  YEA45F YAYY
Simsek and Kocaturk[19] VOV FIV-AA VIAYYO Ve/R0-8  VELEYY VN vY - - : .

Proposed VIOVeFE EIV-AAN VIAYYS  Ve/A0-A VELEYY AYALAE YeNFAF YYATAY YRANEY YR/eFY

Yo Lee and Schultz[l 1] \/6£AQY f152-YY YIVOFY IRVAARR \Y/EeY \FIYOYE VA/IAYAE  YV/FA-F YY/IASYA YEIYY
Simsek and Kocaturk[19] V/0%29 f/5aY YIYOFY V- VYY \Y/EYO \EIYOYY - - - _

Proposed VOPRAY /SRR YVORS VNN /R0 ASFEYY  VARRAY YABIYR YRAYAA  YRYYLY

Ve Lee and Schultz[11] VIOFYER FSYVSA VFRETY  VAYYY AYB-0F VEFRAY VFFFFA VAFRAY YLNATVA YNV
Simsek and Kocaturk|[19] VPV FIFYVY \lAstat VEAYEY s AFIPAD - - - -

Proposed VOPYER  FEYVYE VYA VAYAA VVIMAY NS08 VFPAGF ABYYS YOYERY YV/AeY

IA) Lee and Schultz[11] VIOOYAY  FEYLYE BIA-POA AIVAOYD NV /fERY VI /AYY VWATSY O AFATYR AYAAYE VF/FYA
Simsek and Kocaturk[19] VIOOYA FIEY .Y FIN - ¥ Alvava VAFROY VV/AARY - - , .

VIOOVAY  F/EYSXA SACATS AVANAY VeFAYY VVASYR AYNAVE FYRY AYAY VEB-YY

Proposed

LoV
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Table 5. dimensionless natural frequencies for clamped-free condition with varies length to
thickness ratios

Mode
L/h Theory

\ Y Y ¥ IAY 4 \4 A i) 1+

Classical theory VIAYOY \la\a! YIAOEA ARNARYZ VEAYYY VYIYYAY  Ye/fYe¥  YYesa - -

&+«  Kocaturk and Simsek|[18] VAV fI9% YIADEO JRVARAA) VENYE \WIYVED  Y-/FASA L YYIOOFY - -
Proposed VYO F/Paf.f YIAOYE V+/230 VENYS VWYITYY YFAYY O YY00AY YPIFAAD  YA/ATAR

Y-+ Kocaturk and Simsek[18] VAV F/rary YIAOY' ) +/24Y) VEAY \WWIYESY  Yevaas YY/ova - -
Proposed VIAVB-A FiRAYYY YIABY O V-/AAYY VEAYE VWIYSSA  YeIFNY YYIOYYY  YRIPEYA YA/VAQY

V\++ Kocaturk and Simsek[18] VIAVD f/ravy YIAFA0 )+ AAY VEASAY VVYYAE YerTaY YY/FRAY - -
Proposed VAAVBYF/FavYa YIAfa5 VAAAYY VN -A] AV YOREYY YYIFRAY  YROYVA  YUSIAY

O+ Kocaturk and Simsek[IS] VIAYEA FISAAA VIAYE ) RFYY VE[YAY VYAV ARVARES SRR 4 VR VNN - -
Proposed VIAVEAN FIFAAAR YIAYE V- /A¥YS VEAYRA AVAARR YMAR YENNTY YRV YA/RAAY

Y. Kocaturk and Simsek[18] VIAVYY \izal YIVY oY \R¥2%3 WWOY-4 VEALYD VA/AYA YARYAY - -
Proposed VIAVYYE  FisEYe0 YIVY Y V- IFAVE \Y/OY 08 VEIYEOY  VAIAYEY  YVYEYY YY/VFAE  YP/YAA

e Kocaturk and Simsek[18] VIASYY FIOVYE VIEVAY VAAVEY AY/SOYS VEFEAY  ASNYYY \£I-AY - -
Proposed VIASYY Y FIOVYEY  V/FASND 4/a4-¢ VYAV VE/FPOA VEIEYOE  VAIYYAD  VAAYAY  YV/BIY)Y

IA) Kocaturk and Simsek][18] VIAESO FIYADY FIFVNY ARIATYN VY/F004  \YIVAAY AN VEYO0) - -
Proposed VIAFPOF  FIYAOFA  SIFYYAY  AIOYFAS ARNANAYS VIBAFA  AYAY-D ATXVEY AA/RERY NN 1) ST

£V
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Table 6. dimensionless natural frequencies for clamped-pinned condition with varies length to

thickness ratios
Mode
L/h Theory

) Y Y f Ay 4 \4 A q \

Classical theory Y/avy v/-54 IRNAARA \YYOY VEEATY VUSYFR YYVYRS  YOIAY - -

&+ Kocaturk and Simsek[18]  vavse YI-$AF AR S\ Vi 7 XY SR V7L SRV R V4 AL 4 7004 SN INLRYIN - -

Simsek and Kocaturk|[19] Y/AY£0 /- #AY VoIYSRY YDA VEIFANS VA/FYYY - - - -
Proposed ATAMCZ 7RV N o SRR RY) S%.VRNA L v\ PL WA V) S VN RV/2 o 1) YYVYY O YORVYE YR/-OFA YYNAFY

Y+« Kocaturk and Simsek[18] Y/avsf \IR2%2 VoIYSVE O AYIYEOA  VR/FAYD VA/SAP YYIVEAD  YO/AAYD - -

Simsek and Kocaturk[19] Y/avsf \Ia ARVARA A SRR Vi 1 VEIFAYS  NQUSAVY - - - R
Proposed YAYFEY O VEYEY VYYD \YITES VEEAYA YUSAYY YYYVO-F YOIMASF YR/ AY  YYAYY

\++  Kocaturk and Simsek[18]  riveA v/-5¥5 VeNRRY O AYRYAY  VEF-F VUOFYA YYISFAY  YOIVEYA - -

Simsek and Kocaturk[19] Y/AYOA VI-£EY ARVAREAS \YIYYAY \SIED- 5 Ve id - - - R
Proposed Y/AYOAN YI-5EY VeNRAY YYYAR VFIEON VUOFOF  YYIEY-0  YOIVSOf YAAFR  YVAY-A

&+ Kocaturk and Simsek[18]  varrt v/ oY VeNRFA L AYYORD  VEYYOS VALY YYEYYY YO/YOA - -

Simsek and Kocaturk|[19] Y/AYYE /- 0Y) V-NAEVY \YIvS \SIYYSS VAYEYE - - - R
Proposed Y/AYYFO V-0 Ve NPV VWYSSY O VENYVE VAFPFE YYYRYY YONNYFY  YANSYY  Yiho-f

Yo Kocaturk and Simsek[18] ¥A-v FIAVEY 4/205Y \WAY-5 \O/OADY YAIYYD YONYAY YY) ST - -

Simsek and Kocaturk[19] Y/A-VY F1AVOF A/A0AY VYAYEL ) o/0avyY VAIYYQ - - - R
Proposed YASYNO  FAVEA) 4/26Y) VWWAYYS  VOBAYY  VAYYYY Yo NATA  YYASYR YOIFPAA YVISA-Y

e Kocaturk and Simsek[18]  vAnv FIVY -0 AUTFOA VIVOAY  AYAYYR V0/Af VWYIVD VA/YAAY - _

Simsek and Kocaturk[19] YIAOY D FIVYES a/YYEa VVIYASY \¥/AFaY \O/AVEY - - - -
Proposed FIADIYA  BVYYY QXPAYA VVYSAY AN VORBYY  AVA-£A VABATFA YAIBAY  YY/FAYa

In) Kocaturk and Simsek[IS] \iizd'd #leVYE AL-YEY a/VAS VVIYASS VY/£NAN AATANANY \Y/a8s - -

Simsek and Kocaturk[19] Y/FY A #/-qfY ANYY] a/APYE Vy/rava \YIVVAY - - - -
Proposed YIPEOV FLVEYD  ALYAYA AVAVEE VY- WWEFES AT AWAY-Y  AFeeed VFAVDS
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Fig.4 .Converging of proposed element’s frequency responses for length to thickness ratio of 5 and
varies support conditions
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Table 7. dimensionless buckling force for length to thickness ratio of 5.
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Fig.5 . Converging of proposed element’s buckling results for length to thickness ratio of 5 and varies
support conditions
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Table 8. maximum displacement of simply supports thick beam with varies length to thickness ratios
under uniform load of q

L/h
Theory Source

12/12 40/12  80/12 160/12
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Table 9. maximum displacement of simply supports thin beam with varies length to thickness ratios under
uniform load of q.

L/h
Theory Source
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