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ABSTRACT: With attention to the importance of the three-span continuous bridges and the complexity
of analyzing structures with multi-degree of freedom, utilizing desirable numerical models to estimate
the internal forces of this group of structures is highly effective. A new analyzing method is introduced
in this study which can be used to the 3-span continuous bridges with constant section and heavy
moment resistance in the transverse direction. The defined pattern is based on employing sinusoidal

shape function both the bridge’s deflection shape and its corresponding applied forces. This model is

developed by assuming a simple beam on the elastic constraints and thereby its results can be earned by Keywords:

minimizing the created potential function of the whole structure. Creating a desirable manual method [ Energy of Structure
in calculating the internal shear forces of columns in the three-span bridges is a good comparative idea

. . . . .. Transverse Forces
over the complicated method proposed by Aashto needing 3-dimensional modeling in related software. o _
By considering 5 different states of an example sample and analyzing those, the obtained results of the Sinusoidal Shape Function

suggested way prove its high precision and efficiency on controlling the calculations manually because ~ Potential Function

of having mostly the errors less than 3 percent related to the exact method.

Single-Mode Spectral Analysis

INTRODUCTION

Since the process of calculating the column forces
precisely is very complicated needing some specialty [1, 2, 3],
Estimating the bridge transverse forces by a manual accurate
method can help engineering societies find some of the
analyzing results from other methods. The newly introduced
pattern is based on defining a deformation shape function
under the lateral forces and utilizing the Aashto formulas to
analyze such bridges.

By assuming a sinusoidal shape for the bridge deck’s
deformation form, and also determining the actual transverse
loading and its corresponding deflection configuration, the
analysis process can be simplified clearly [5,4]. Thereby, the
amounts of needing variables will be computed by minimizing
the potential function of the whole structure. The potential
function is originated by summing the kinematic energy
related to the deformed components (U) and the potential
energy (V) gathered in resisting components [6].

In this study, the internal shear forces of columns and the
transverse vibration period are computed through proposed
and Aashto methods for five different bridges, and the results
will be compared together.

To estimate the precision of the energy method, each of
the samples has been investigated in different conditions
of column’s transverse stiffness and the length of spans.
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Eventually, according to the above says five distinct cases are
evaluated by both patterns. The results show that this way can
be employed for all types of 3-span continuous bridges.

Some similar studies have been done about continuous
bridges with insolated piers. In these researches, the suggested
methods of Aashto, the seismic responses of bridges with
several bays due to changing the stiffness of deck to piers and
controlling the design based on deformation pattern or force
one are investigated analytically [7,8,9].

Introducing the Aashto SMSA method

The defined procedure of Aashto is single-mode spectral
analysis (SMSA). In this way, a first step of the deformation
shape of the structure will be gained by analyzing that in
software under the unite uniform load imposed laterally,
and then the new loading pattern which is according to the
first mode deformation shape will be achieved. By applying
the new loading shape to the bridge’s deck transversally and
analyzing the structure once again the internal forces of piers
will be obtained.

Energy proposed method

In the first phase of the proposed method, the sinusoidal
shape function with unknown amplitude (V =V sinnx/L) is
assumed under the effect of the uniform load. In the second
phase, the process of solving will be repeated once again by
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Fig. 1. Structure deformed model under sinusoidal transverse
load.

considering the sinusoidal shape function for both loading
history (p(x)=p,sinzx/L) and its corresponding deflection (
V.(x)=V,sinzx/L)- The unknown variables in each of the phases
can be achieved by minimizing the total energy function
due to the entering energy and the saved energy of resisting
components against the assumed deformation. The entering
energy is equivalent to the negative work due to external
forces and the internal energy is equal to summing the strain
energies due to bridge deck (U,) and bridge piers (U,). The
equation of total energy function is offered in Eq. (1).

H=v+v=U,+U,-W, ()

By having the deformation shape, the columns’ shear
forces and the vibration period of the bridge will be gained.
The ultimate deflection shape of the bridge can be modeled
as Fig. 1. The shear forces of columns can be computed by
having the column’ lateral stiffness (K,) and the deformation
corresponding to the piers’ location (V sinnx/L), as given in
Eq. (2).

P;] = kb'Veo Sln(ﬂ'X/L) )
Validating of Software modeling and comparing to energy
method

To validate the 3dimentional modeling and solving
process in the Aashto method, one of the Aashto examples
analyzed in SAP software has been compared herein (Fig.
2). The modeling process has been done under part 2. All of
the obtained outputs and the way of deformation have been
compared quantitatively.

The elected example has been analyzed also by the energy
method. All of the analyzing processes are according to part
3. This sample is the main one which is called in Table 1 as
case 1.

Controlling the suggested method in several different models

To compare the precision of the proposed method, 5
different models have been considered. The main sample is
the same as the Aashto example which is a 3-span continuous
bridge with a deck having high flexural resistance in the
transverse direction (Fig. 2) (case 1). The other four samples
have been developed by changing the bays’ length and
columns’ stiffness, where case 2 and case 3 models with lower
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Fig. 2. Concrete bridge of Aashto example [1].

Table 1. Result comparisons between Aashto &energy.

The Energy
Variabl | Aashto Method Error
ariables sample
P methed | (Proposed | (%)
(SMSA) pattern)
The Case 1l 1.05mm 1.07mm 1.9
maximum | Case2 | 0.858 0864 | 07
of Case 3 1.3 1.317 1.3
deformation | Case4 1.229 1.255 2.11
(Vo) Case 5 15 1515 1.0
Vibration Case 1l 0.317s (.318s 0.32
periodin | Case2 | 0.8 0284 | 143
the Case 3 .3487 (.351 0.66
fransverse Case 4 (1.3397 ().3427 (.88
direction(T) | ¢ases | 03416 | 03766 | 1025
The Casel | 32.08mm | 32.03mm | (.15
maximum | Case 2 25.71 25.56 0.58
“fdzﬂ“t:’“ Case3 | 384 3895 | 143
t
UREEr e M ased | 36.552 37.12 1.55
Po(x)
loading (V. Case 5 51.6 44 83 13.12
Case 1 170ton 174ton 2.35
Theshear | caeen | 2144 219 2.15
forces of n
. Case 3 125.5 125.8 0.24
columns in -
bent 1(Fc) Case 4 165.97 171.05 3.06
Case 5 166.98 146.9 12.03
Case 1l 182ton 185ton 1.65
Theshear [ (acen | 2296 239 409
forces of 17 o3 | 1344 1342 | 0.14
columas in -
bent 2(Fc) Case 4 165.97 171.05 3.06
Case 5 166.98 146.9 12.03

and upper column stiftnesses, respectively, and case 4 and case
5 are samples with different bridge span lengths over the casel.
The obtained outputs have been compared quantitatively in
Table 1. According to Table 1, assuming sinusoidal shape for
lateral deflection of the bridge with heavy deck, high flexural
resistance, and using the energy conservation law in solving
process will lead to reasonable results.
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CONCLUSIONS

The proposed energy method without needing 3D
modeling in professional software can be intended as a
desirable manual method for designers. Through this way,
by assuming a sinusoidal deflection function and using the
Aashto parameters, an accurate estimate of results can be
achieved. The results in the introduced pattern showed mostly
errors fewer than 3% over the exact one where it’s investigated
in 5 separate models through changes in piers’ stiffness and
spans’ length.

REFERENCES

[1] AASHTO, 2012 AASHTO LRFD Bridge Design Specifications,
Customary U.S. Units (6th Edition), American Association
of State Highway and Transportation Officials, 4th Edition,
Washington, D.C.

[2] Barker, R. M. & Puckett, J. A. 2013 Design of Highway Bridges:
A LRFD Approach, 3rd Edition, John Wiley & Sons, Inc., New
York, NY.

[3] Clough, RW. & Penzein, J. 1993 Dynamics of Structures,
McGraw Hill, New York.

[4] Chopra AK, Chopra AK. Dynamics of structures: theory and
applications to earthquake engineering. Upper Saddle River, NJ:
Pearson/Prentice Hall; 2007 May 1.

[5] Caltrans, 2014a California Amendments to AASHTO LRFD
Bridge Design Specifications - 6th Edition, California
Department of Transportation, Sacramento, CA.

[6] Chen, WE & Lui, E.M. 1987 Structural Stability, Elsevier, New
York.

[7] Najm H, Vasconez R. Assessment of AASHTO LRFD guidelines
for analysis of regular bridges subjected to transverse earthquake
ground motions. Bridge Structures. 2015 Jan 1; 11(1, 2):3-18.

[8] Calvi GM. Recent experience and innovative approaches in
design and assessment of bridges. Proceedings of 13th World
Conference on Earthquake Engineering, Vancouver, Canada,
2004.

[9] Tubaldi E, Barbato M, DallAsta A. Transverse seismic response
of continuous steel-concrete composite bridges exhibiting dual
load path. Earthquake and Structures 2010; 1(1):21-41.

HOW TO CITE THIS ARTICLE

(2021) 37-40.

DOI: 10.22060/ceej.2018.14637.5702

F. ghaffari, M. Gh. Vetr, M. R. Adl Parvar, Using the Sinusoidal Shape Function in Analyzing
the 3-Span Continuous Concrete Bridges in Lateral Direction, Amirkabir J. Civil Eng., 53(1)

39






75 g0l (1308 (wikigen g uli

VAF B WYY @loxiis VFr e Jlo o) 0yl OY 093 puiS peal () yas (awrdies dy yul
DOI: 10.22060/ceej.2018.14637.5702

O yE S O duwg Al aw S b by Jdd 50 wwd&w@b) S S 0 b

v)jﬁ: Jae Lo deone ‘Y)':’B PORIE IRV & sylae ol 8
o8 olKisls o5l (gl 5SS (gemails
Ol Ol el a3l 5 alil el o olSimgy Loty liolil”

Olnl e od olKiils ojlu- iyl jae cwaige ylod)bo Glezils™

162910 Az ;U

PRV YN bl o
WAV NS 16 5550
WAV VYol
VWAV VI T sl )

(euadls wlols

o3l ($9,° (555
2 S Sy
S5 pss sl 050

G5 IS e gad gy 4 (9051 4z y0 iz sloosles Jodo (sla Sz 5 dilas aw oy Coeal 4y az g L 1aodls
oS gy andllas (pl jo bl oo Sl Sl oy 51095 (nl (g s (eSS 50 (g3 385 sla b,
23S g ol alade b adye 5 oais (luliz ladl b awgy ailas aw glay (ob5)) sl p o5 ol salys (3,0
IS5 s 5055 4 bl alls () 8 o0 (B0 g,y il el IS Wl oo (o0 gz o W b il
2R gy onl og elss S s (T L Jlie o0y (slag s reizean 5y adye IS5 (6l quogtons
S sl Jemniliy @b Gaslsy JBla 4y 5 JoSias b 5 Sl 00 jans SVl (soolS 4S5 (595 2 o 00l oo
50l oleing he) Sl 4 az g5 b ol o lomsl ( JS iS5 25 IS )3 pglie 5 S e (sl il b allS
Wil oo abaly cpl jo ol (sla l38le 5 (6 S 4y aie il g (G (Shg, ailes 90 5l i blaf (slag s alne
sl o lanlio oaul Wi oo ailed aw slady (o250 Slag s (Dbl slr G380 9 sl (Stwd (b9, 25k
3 ol s (59551 ey 5 el o 5 Jlie iges G (sl calises > digai B (23,5 515 )0 00,5 Cgame
2 0l a5 g (solerin gy YL s 3l i (580 by, 4 S AV ¢l a8 ST b goleidion by,

g aalyS )55 %e sl 09,5 sl Slewlore J S

G50 Ojge 4 b pope (hp ey polie 6L i
JYV, Y] e diple> dwlo
Geb ool p 90 13 S gl (gt S U a5 L
A Al (390 IS a5 oy U5 dlolas (sogoe ey
Liwgey 03 S Slap 2z JSB pis Slasge IS5 sk 42 9 w3 oo
Sl 5 yeie Gl e Hen g ate okl solfass L
() =SIATYT p=1,2,3,) qwsiems @5 5 (gipda o)lsen
g S0 (233 5l 53 oo cnl 5o TV asaloe
&y 5o el oals solaul Loy Cyz jo Hlai o000 b adS (6l
Al s090 Gla Sl I ikt co i G wlg o JSS 6 2

Olsie 4 &g a iled neli | (550 Ll ph 5 22 e | o5l

doddlo -
gy Sl B30 b)) Caz gl lawgs oads Wl g,
Gl &5 aBboe Syt Jol 050 (bl Jolow ailas poin
pg o (Single Mode Spectral Analysis) SMSA « s,
L gaman Jlod slaylidle s 5l 6 e50 500 b gy onl il
b bloe Syt 55 Job j0 a2y S21ese o505k Jloe!
dwle ;o S mms opl el dalgd Cands oyl JUT 51
wiligs Je3o ¥ 5 8 yzmam 5] (0 ouds (Byxe slo el
e o5 wnlss alne BBy G35l o il sk 5l es
o o5l sazme Jelo g o5l Jgl e S by Jolas g 08,4 sl

dr.ghaffari.f@gmail.com :oLslSe jlseage oo ™

(Creative Commons License) oo o (Sosis 31 Luilacd o allie oyl .ol 00 0010 1S ol ol8ils ol )Ll ay 126 B g S ot g5 4y el (358>
Auileyd s hittps:/www.creativecommons.org/licenses/by-nc/4.0/legalcode ol 5l uilucd cpl bz gl sl 48,5 )8 Loy o 2 10 BY NG

WY


https://www.creativecommons.org/licenses/by-nc/4.0/legalcode

VAY U AVY b NYF- - JL.J A D)LM OY 0y9d ;).:..5).:.91 U‘)A'c L;»A...Q(c Ai).uu

axdllas cpl jo 0,0 6 5YL Cds b axbo p dgac joe Jo> YU
30 99290 69,5 Jlo lawgi so0e o Jow riwions Sl
Sl i wiges ¥ g Jlte ol (sl 5553 by, gl asb oy
s @l b ol @l 5 28,5 aalss 18 ) 050 ]
235 waalgs 18 aglie 590 (3135 g9 B,

Jate slaal b sladd (ogas 50 o5 alie Slalllae solass
@ Col 4,5 &g (00is gjlulo slaal L sla ) Jls 4
S35 2 Somgs y5 Joe sl Slalllae ol 251 )8 Landlbioe 25 18
el 0 4355 6100 ool (glnolSaSE

& Jolis 50l golering slasis, elyl ol slardllae o
gyl sl (SMSA) Ohsy B sk (UL) celese b
o s sl 4385 1,3 aalllas 50 ciliks Slosgas b oy
&9 b e2e NSk o) b (b osed (o solatdl e STl
SloelSasSs 5 ot ool (slog s 455 jobs 4 bl o e,
5 basi B 55 S 5 liél AT BTV oy g8
V] el axsls SMSA cll> 4 cos pals 7Y »

Py o e iy sladlae s [A] sl
355235 ol 5 M0l 08T 5 el o 0 s S s
ciols 18 sy 9590 ples (6188 ,L 05 90 Jlesl (gl )

| los s slas i) oty [1] G fSon 5 salls
@ ol el Cons Gy b bl 4 ddye (o p0 i b
Oygo ol 4 sdel Cwdy s L aols S8 ) 050 oyl o
STl aset aly b ¢ i) sl 1, (O 15 a2l
(Y o)l Sa¥le 61308 )L a4 Cond (6 ydion ol StV
odss Wb v s alizee slacl gl ol > it slavse
Gl b adye (0wl g g0 (B e QS (T 5 050
S8l S5y 00 55 a3 i b Lol il S
Lobls

2 g G 18, S5l Cez 500 aline slas S0,
IV Y& ] el oot ais )5 IS5 ol (jlulos slaal sy,
Oolis Cpaizmen g LAl glolas b Sldlas ol jo Cpadiizee
bl )90 eais ilula slakh by by 5l s cnl JL3, o

slesls 18 auslio 4

Yy

g JS8 &b (23 Sy 09,5 Bl o5l S i b
3 yee o B b 00 S slap ) ailes s slody Joe
S (2053 sl 8 alol )3 00l (Byma (39, b i (Sl
0,5 aales &l 380 by, 4

b 3l Olgies 1y osbe IS 5ess Jol 050 5l (65 002 b5,
Jesily IS b g 5 I adS (gly qugioms JSD pss (2,8
Gl ool wl wales slpriny asllas ol 0 a5 Loy Do A
o3l Jeily @ pmgioms IS paits @6 (28,5 Sl )0 L Loged
A2lys dslons (V) Jemily 55500 5 (U) (2255 6551 50
Sz 5 pelie glael 45 (6551 ggazma | 83,5 651 [O] ws
B sl alds 5l AU paie b Jeily 6550 5 S8 s
[¥,8] o5 anlss ol o3le 05

el ab » 90 o (Ghly (bg) g asllae (nl o (ded (B,
W gl (288 JSyets &b 4S5 655 bl
ey 99 3l Sep 50 (pwgies JSAped B8 Do 0 s
alox 5l gae JS 3 F5e sl )y 9925 5 > Dglite vy
2 Wlgee bk al g5 5l A6 Sl S et sla it
Gy 99 3 So ym g 4Bl S ,SE Uy g UKD i atal
aslgm ools lid gaams cpl jo I 5 s &Il 1, Sglate s
il o (gs 58T Lags o adl,) (sl ol )y s 4S5 L a5 o
95 L) 3910 ol S8 et Al 5l (pemlio oy 4 lgise
@S Wy oo a5 L8l Cews (S S o a0 sy
aad axllas 1l jo a0 all 5.88 e, b alie o SGo3 Ly
S99y 9 A dildddws o sloygiw 51 slag s b sl cpl
sil lwgi oad (Brme by (o gy 90 A (058 a0 O
Ng ol ((solerion (B9)) 550 U3y 6,500 5 (335 Ubs))
awgp 5l &S jsbplen L5818 ainlie 0)90 S00S0 bl g
S Gy cpl ol aale eass 3l by, oy ojle bl
Sl oo b abgipe paasSs wieils &5 Wil ley g s
4 golgiing (Stws osle (3o, 5l s pSope b as > yo [V, 7]
5 Logie oS Gy lp (B8 Jlw (eSS Gl o0 (S,
sl @ln Gy orl coils dbsrye bl ple s by o5
L oyl Slos 5 ol o b cloa e b gy ailas aus



VA B WYY dsis OF e o ) o)l @Y 0,93 S yual lyos cwdiges 4 il

Ve

Ve(ﬁ)

X

ANA LY} AN [ ) AR

Pe(x) = Veo Vs (¥)

05 W35 6,105, il i ailas aw gy oD .Y JSd

g adbie S oo g ik sl Slid (& Ol e

ot (Byme (LS Lauly, 5o byl )b ple

T=2r1 -2 )
Fga
1.24S
C == <254 o)

by A gl 050 Syt o aljly 5l 86 Vgl oy
390 S50 39 W 456 poks o walys dnslona (7) alal; )50
Sl L eiS anls ambs (V) alal, &g oS ail e Ul
235 (6,138,6 &b) P (%) seloss 35 69,08 @55 4l (b
05 go dmsloms (M) abyly oluly Sy aiS

. [revwa] g W

e IW(x)Vf (x)dx v

WV, WEVE ,
j W (x)V, (x)dx B

LEVEVD) _ p oy (x)

F(x)= %)

IS5 535 Gl ool LX) a3y 200k & il b

A5 o2 5k Ol Dlpee cHESy (ooye b cow 4y
25 ke Db el anule 5l paie Jsb 2 0 )
bl ol jo S50 et Ol a5 alas ooz S 52 0 1) o35
ol Jleel 5l g 090 o0 drnlone w092 00l as l38le 5 59, ]
(gamdes Jelos J3dle 5o ol sazme el g ol a4 (5,50

vy

\Y/
™ ,

D e A

P, =1ton/m

O 31 (o IS s Joko 9 g i yo g 9Ty 052 5t Jloe! ) S

i 258 gy dumwlino yo gidl by b (LS -Y

i Jae lazl g2l gy Bk (o050 G505 dmslme Sz
s 9 95550 Siludae SAP I5dle 3 0 guman ©j50 4
4 () U5 slle) Pi=lton/m byl co iy ooye 90
bk aiS JSopmsd g 005 o0 Jlosl (Jy aiS 40 381 55b
Joe .l co cawas SAP2000 (sors as Judoes aoli s 5l oolau!
4 039S oye b o S IBT 5l ey V(X)) g azdly JSC i
IV 7T el oas ools las Y S o s adals &g

O (§E B9 (615,50 VS(X) e Kb rdls b
S50 drsloms [V 5 8 0 gl il 4 by pe sla 1S5 olgi o0
(V) V) Llg; 0¥ 56t slayiall @y by o Laily, [V, Y]
e sloailes I Supm Jobl Laly, ol 5 it 4l (¥)
Sla S pis polie V, 6 V) polia g Jy Jsb axly 059 ()
alas V¥ sy Jolss jo o sladilas 51 S0 sm (slosl b !
Sz 50 ksl oley Olgise §98 sla el il pnlo b oaasl e
dlre Jy S5 @b b Bl |) A3y (o250 6555 9 o250

N

11
a=IK(x)dx=§ZZ(K)+4V1+2V2+4V3+V4) M

i=1

B=[W(x)V, (x)dx = W(x) i%(tfo AV 42V, + 4V, +V,)

3 (Y)

3
= [y =" S a2 AT ) )
i=1

Uls cuyo 5 (asl) T pope cuz 0 by ol ool oo
S s A g Ly, cpl ool wialss cawss (8) () L, 5 Cs



VAY U AVY b NYF- - JL..J A D)LM OY 0y9d x).:.S).:.AI U‘)A'c L;»A...Q(c 4.3).“;

Llod L1, Jy 4 cwyil loe (uizmed 39800 iy ()
(V1) ally g0 ap g adye g2 95ae j57m0 Cqz 50 o (i
Jsse sy B gt i d B Ly, cpl )5 058 o0 Gy
i 455 Cualed g i) gt aile 5liaT (2 At

aidloe b 4 20 g

12E1
kb = Z h?a ‘

QY]
B’

1, =—
12 ()

Ji 55 sl (st S5t (228 adsl @ (1)) el
L lasss law a5 Cond Jy Jsb X alal) cpl jo 000 oo plas |,

ol oo Jpazee o Consl g S i aials STas Vg Jsbo
V.(x)=V,sinzx/L v

IS pis 28 9 b 2 Pyl Jb Jleel b 55 oy, ol 5o
S5 09 o0 (65 oleing ol Jome ansld b pgin
&b oeizmen 5 e p 5 ) Sl pdie gy sy Joe ¥
w3 e Gl | T 51 (Bl g JS s
FSm 5 ol (o255 5 (G SSyeds b il L
IS St 5l (B0 (255 655 emen 5 b sla B by
Y akly 5508 sl a4l (V7) 5 (V) Ll @llae s
al 5l S dol x5 oy e 00 el
Jomsiliy (5500 ailoo Slaie Toe 4 s Glo slo B

| { X

Al =ky = ki A2

7/71%7 b2

(@

Al aaalg dnubre bpgie 51 s (o805 ip Sa polie
Shom OF 5 o3 U8y 5 il (o258 5k oo )18k

el oo ool i ¥ IS o V(%) oo

ol (P9 (S Y

2 oxly ColeiSy b Jloel L oS gl goloidig sy (9ze
JSbpts IS8 Olgt B oogdion 6550 b w22 S 0 b
2 o2ly e 5l eoleiia () 50 s Al |
&b b ol e b Sy S8 Glp g 005 o0 Jlesl
ABle (cwgin b (55800 5 (o0 28 Jstme aisld b (qgins
Py @ S [y (g e Dloz (n 5S04k e IS8, b
& byye IS 35 @b S5 b [F,8] 55 salys wil)f 580
ISy oloml ol 5o pslie 6Tyl 6551 9 05l 4 (6955 555
g g 1y allics &Y spmme s oo @l ol oges JBlas o

LSS g0 5l JSiie WY IS ilae ailas aw b SO
G $)0 O] Sl 4 azg b GB ko a5 aib e Sle
O e JIo 4 gl 50 50 (izren g asleS 052 (Sl
hade Jlail Lulyd bs oledl 5 (plonl ladlsS p (f adpe
Sz a ]y Jy adye el dalys 092 4y e slesl g0 ol
Aio ek )0 9 8,5 pelys s 5 XY aman 4o (5,5 eoles
slatel jo SGaVI S8 g0 5l QB ab e (Sl (S lp
ook ol o ool Jaw T USE el sids oolizal bagy]
0 oo sl

Jolee by s dsgazme b sl ol b 8 SVl e
bl ©jgar a5 b osle 51 2B Al e S e 5o laggie

(&

LBl IS il s g Jy sl ye ilwoln (o ailas aw oy 4 pe My (ALY S

1ve



VA B WYY dsis OF e o ) o)l @Y 0,93 S yual lyos cwdiges 4 il

Vs

bl

Vs(_X) =V, sip‘lTx/L

[V() \\\\‘
kb2
b2

—

X
A2

=~

0

Py =1ton/m

0>l (850 )b Jlocl o’ Jy 4 p8 (pugiums S5 Joo ¥ JSCI

a =[V,(0dx = [V, sin(rx/Lydx =2LV, /s,

B= J‘W(x)VS(x)dx = WOVOISin(ﬂx/L)dx =2LW,V,[x (V)

y = [ W)W (x)de =W, (7, [ sin® G/ Lyde = W, (7 L/2 OA)

on [ 1 [F
T\ hea "\ he O
P(x)=(BC,[y)W (x)V, sin(zx/L) )
(4/m)C W, sin(zx/L) = P, sin(zx/L)
C,=124S/T** <2.54 V)

P(x)=P,sinzx/L & 90 & ol oy 056 )b ali ayazgi s
Sopo d V) Jspome atels b gt JS550035 @ Toame
awlex 48,5 b s was 8L sl V(v =V, sinzx/L
aisly jlade o Jewily &b 0,5 PBlas 5l LS Wy, alie Lo
kA ol JSpss @b g anlre SO pss @b Jaee
9 e 2,50k Sy Al IS0 ek Jae 1098 o0 (ere
<l 00 o0lo ylid o L QT R LTS SURINY L G JUUE S

B Ll BB g epgie 5 b asS (22555 6550 &l
s(Y7) (YY) Ly, & j50 Vo (x) JKo,mss &b 4 azg b
g oo il (YF)

1
U,= ZEld (=YW,

("Y)

VYo

P )5 slogy 3l 86, ite b el oS I, o5l
ojl (IS Jamiln @b i aslgs awle (VF) alaily g0

b salgs e (10) alaly &g 4 39 abuly 4 gecme |

1 1 .
U, = ngb(be = ngb(Vo)z sin’(zx, /L) (\Y)
U, =] lEld V' Ydx = lEld [0 (7/L)" sin® (zx/ Ly =

2 2 QAD)
- ELGE D0,
V =W, =—[ BV,dx=—F, [V, sin(zx/L)dx = O
—(2R L[ 7)Y,
O=U+V=U,+U,-W, o

o3t SIS Jily 2l 53,5 JBlo L (V) b Jsemo assls
le Sy i35 Jseme e

V(&) adpe IS5 5i5 2l (o pslas 5 V) e (230 |y
O7) Lilyy b gl g,y j0 oad @l ¥y Bear slayial)ly
o9 Sl d ez g b Ly, ol 55 g g0 anlone (VA) 5 (VY)
8,5 55 50 (WE)=W) Wi b e s Jsb o>l 059 s alaiie
oz 50 b dg g polie yiel)l ans pl S8 A e Ll oall
JS50235 @l b el 00l (o2 0 A3)5 (59508 @ 5 (T) (525
dslome BB (Y4) 5 (V) Ly, llae i 0 P(x) 00 (29
(7)) aba; oo (7)) ala]y 0 05250 € a5y 051 iy
09 23 VIOA 5l a5 o lgam wuly 5 05 walys dpnlons 5



VAY U AVY b NYF- - JL..J A D)LM OY 0)92 x).:.aS).:.Al u‘)a& (sWARR 4.3).“;

7777 bl

Pe(x) = Pe() sinTrx/L Peo

P (x) g (o0 56 )b e aidly S5 pud 0l Joo O S

Soldbn gy 0,0 -F

oS e fy diged Sy soleiag gy 83 (o) Hokiie 4
o sl l38le 5SSy gil aalivg] )0 (somdn &g 4
S A ) UK Som o 03 e B il 50 s
20 oz 0 Jy adpe wlejglaS rizmes 5 wiibioe Ol
O il slo il dmlio & 425 Lol g5 Bl
oa gsluJie SAP I35 b Jae ) %o b adlis () s
o9y 4 Al ddlgs cay pai dalal jo aST Sla o ple ( iwions
3580 Mty P9, b il @l b wd aalys Ll 55 go0e

5 solerion gy 90 2 b (ed Jow anslie 5 b)) 5l e
50 Slpii 9 59530 b slagygiw gl )l jo Ol s slml b goae
Sy b T g o slol s ol 51,500 wiges ¥ T sloailas Jobo
aglio 5 23yl 0)90 soleitiy s, 5 52l Jgene (B9, 5 |
A0 ladiges )3 saleiia (551 Ghg) S 25 wialys 3
ISCINR

ouds ool las | e Awg g Sl b S 7 LI
D] 58 b ol b 3)

Uy =Xk sin (e, 1) (")

V =W, ==[ PV.dx =~ P, sin(zx/ L)V, sin(rx/ Lydx = ~P,J, ]2 ¥F)

b, S 5 05l slacl Sgp0 lash il lade 0,5 gex b
Sy (Y0) ally ©j90 4y o3l IS (655 &b (2,5 L )

:..\JGA
n=v,+U0,-w, (Y0)

c\...ml.?u Ve() J}Q.‘&o )‘\.U.c o)L...: J.......;L._s (515 &'L, ug; J_al»[_,
V.(x)=V,sinzx/L ably ab ol S8 s @l g ol vl
oA Jaie 5o 6 NG LV (X) b sl Loyl oo ey
JB asie Jsb o] 0 a5 Loy plral> jladex sl
g oz dwlos

P 9 S sl B Al e 1o Lo gloals il |
b slagginw coye by G Ol B al e slaggie
+359] Sy (YY) ) (Y7) abal, 511, Y sBaby \csflé

Fy=k,V, Sin(ﬂx/L) ¥8)

F;Z = ka'VveD Sln(ﬂx/L) (YV)

wa



VA B WYY dsis OF e o ) o)l @Y 0,93 S yual lyos cwdiges 4 il

D] (s 4o ye) Jy ojlwgy clasin ) Jgos

Z BENT 2

o B(m) Js ope | VVESA0 (m) J Jsb
-I$5 £ (M) S culies YSIA-0 Li(m)\ alas Jsb
) LmY) X jpme Jso S Jlo wile S YSIVYA L>(m) ¥ wlas Jsb
g L(m®) Y e Js S Jls il S £A/-VY Ls (m) ¥ ailas Jsb
AR Ec (kglem?) oy ol | o po Yy Se(kglem?) o g lid caaglie
D] (atgS) Uy ojtw ) clakin .Y Jgus

<IYY L(m*) g el les VYY (M) b ygw s

SARNS L, I (m?) lagygin oyl oylos \iias (m) Loy glis )|

\IY (M) Loy ol VIS5 A (M) Lo yims alols

AR Ee (kg/om?) o2 o)) oy Y- fo(kglem?) o g Lis Caoglie

D gl Jlo (S Sy -# Jscis

Pl 138l 5 5o adsl 5Ty aiS 4 ey (o058 5k Jlosl
dalgs oV SE & j a Jy onl 4zl S50 i Jae 5 05 00
g ales ooz om0 S s polie liee gl Sl b Ll
B ot sloyal b polie (M) 5 (V) Ly, yo polie ol NS>
W sl o9 e oy € Ail5 o T o5 Gizon 5V 5
i S JSyenis b Jolae 28 595 &5V aly Gip
Vs ©jpge 4 T idu )0 ead ail)l Sy Gub Pe(x)

v

5 4 (bogiw) b ojloy; o (s ad5e) o3lag, Slaseie
il Vo) ol sillae

axly oy5e T KgM' Ll S ogase i 2,8 L
Sgaales W(X) =Y kg/m' b 4l b Job

erioe 5 gl @y ey a4 Jle Syse b sUT -F-)
o0 sl

9 SAP Jl33le 5 10 oo Byme dilasan s g5l o 5l e



YAF BAVY doras A+ Jlo o) ojled Y 093 (oS puel ()] yos (cwdine 4 i

Ay o0 GINSL e Jy o dw Joe A JSS

gb] ol gy & o LT Jolo gulis aodls .Y Jgux

a +/+A (m?) T VA (s) Veo (mm) ¥Y/-A
8 Y/Y'YY (ton.m) Cs \YE > 2.5A=1 Feent1y (Ton) VY.
% «[++Y+Y (ton.m?) Peo(x) YO YAFSV(x) (t/m?) Febent2y (Ton) VAY

e el 00l s Al Jeaz 50 oas &l polie & e Jsb o 4o Pe(x) 2o b Al 3l e Sl aslol o
ooy b dlie cuz 55 Vo V) aiS JSo,0is iSlas ke 0 aSgjsky wade Jlesl b adpe p b ool (s 5l oasie
B ).nbLM U"‘ )‘ «SJJ.Q 9 Sl 00 C‘J’L"“"‘ )‘)B‘f).a )| Ls‘)l'et"““"" LSLDB)"" <O -.)JB‘P A JS...; &Ua.a o)l...u LS)“‘\f)L J.,\A u.al.e‘;

el 00l 43|)1Y' Jgo= A dazme Judow 5l e b oosle 51 B 4L e slaygis oD p

YA



VA B WYY dsis OF e o ) o)l @Y 0,93 S yual lyos cwdiges 4 il

P, b o o3ls adgl 00T 31 ol gylis F Jpuir

K»i=Kp> (kg/m) VAYYV ) Y Us (kg.m) VYY) Y (Vo)
Ua (kg.m) VAYY) Y (Vo)? Wro (kg.m) Yi¥s) -t Vo
P, 5k o ojlw adgl jlbT 31 Jolo gl .0 Jgoo
Kpi=Kp2 iy LY Us LY 2 Fer ) L0
VAYYY Y - VIEYY 3N oY (Ve AAREIE
(kg/m) (kg.m) (Veo) bentl (kg)
Uq (kg.m) VAYY ) Y (Veo)? Wro YN\AsY " Veo Fer VIANOE Y -8
(kg.m) bent2 (kg)

Lulg) Gk suzme J> 5 Wz (qwgin )b @ @b A L

slaggio 5 uS Jlo (o255 6551 SYolae (YF) 5 (YF) (TY)
o oad il baly) @lhae ()15 )L 51 (G308 (izren g 05l
S8 i polie (sled (G950 55l 9 o3l 4 39,9 555
asg (V1) aaly, Sjgo 4 Jewils gl dolee il go axil
SSlas S s jlade )] (0,5 deS Gygo 40 45 Al dalys
L5l oo (omgimms JSCB 50 5 (ogiem ol 6513550 1

T1=1.933*10"(V,,)> +1.4728*107(V,,)* —2.18*10°V,, (¥-)

)L.\.’o'.,o J.: by 5’5‘9 J.iu).:...z.: @U Q‘)’.:.o O asie L
S5ln Loy 5l S s gl al 5l S b alealy
PYEYY VoW G VR S S E WIS P TIP E N S PR WA ET Y PE
53 ol Sl (b0 (S ylade baggin 5 S e b plrals
aalgs aalne (YY) 5 (V7)) Lals; 3k b slagygin 5 S0
Slopsi 1S o 61y € Joaz 10 35:85 O j50 4 polie (o
I 4\3|)| £9d ‘_,’_,ls cbl.u 9 Jj‘ ‘_,’_,ls cbl.u
PRG TS TN STV TH PV ROV K CHE gy RE N
03,51 ToaSy b duglio Cgzr il g oad (Bime gy b
9y Tl a0 003 (g, 90 (pl @l 5l a5 b les Laileads

ol g il o x0T oad B yme o) 4 SG5 Jhe s3leiing

A

&5 ol (s, 4 Jy 5IUT-F-Y

Lolgy 3l oo polie T 15y o oad S5 Laly) 4 azg L
oled (S d aalgS e ) D90 4 Jle 3550 b sl
Glhe (K,) ¥ o8B al 5 (K,)) ) B al sl )0 bagygin
.J.L.).—‘Ga Cowds ¥ Jeuz ,0 ool &l ) olael

Erore 2,5 S5 9 o SN 5l A6 L85 655
dolore § Jgaz 10 ool &)l polde g 4 V5 VY AT Y.
S as Slacl o oad obml slag) il ads iilo by o walgs
algl YA aly Ojg0 a0 Jwdly (6550 mb cxsloas K0,
st e oy 4l ool e, s 4 b o 35500
b ey sl V=V Vi) T m S las S ks e

1=1.933*107(V,)* +1.4732%10° (V,)* =7.3*10*V, (YA)

Jol abasly mils @ azgr b ojle WS O Al glp

(V7) Ly, 3k 350 sl el )y (semalons g (ogirms S i
s (V) Laly, elolp 4l G cups g oilo 350 (V) 5 (YY)
So @l g anle Sy CS:\ s T=2/TVAs s a (V)

solys g Y ole Oygo a0 (V0 aal, 3ub) djl; Lope

P.(x)=3.807*10" sin(7x/114.605) (kg/m) (¥%)



VAY U AVY b NYF- - JL..J A D)LM OY 0y9d x).:.aS):.Al U‘)A'c L;»A...Q(c 4.3).“;

GOl 6551 gy 9 gl hg)y 3l Jolo gulis s lio .f Jouo

ool ey oot o enianll Biasdalesalits (oleiey 9 5351 oo,
(i sliel ) (B8 by, gl
ol b o e S (Vo) | \/+0 mm \/+Y mm
2 S 5 o (1) </¥VY Sec </¥\Y Sec </¥VA Sec
U 2 STk b (Pel) 3.5028*10°V (x) | 3.807*10" sin(zx/114.605)
W5y S8 S S (Vet) — YY/-A mm YY/-¥ mm
2
b sl | S0 Bz s (FO) \Y# ton \V- ton \V¥ ton
Vo
b slerte S i 5 (FO) JAA ton VAY ton \AB ton
o
oul (B yro ladiged )3 yuite s yelyly .Y Jouar
Jsl alas Jsb-L1 (M) YEIA-O Jsl 2B b o bagygiw glis )| (m) \a
Vel pgd ailas Jsb <Ly (m) YEIVYA pgo 2B b o bagygiw glis | (m) iy
pys ailas Jsb -L3 (M) £/ VY
Jsl ailas Jsb-Li (m) YEA-O Jsl B 4l s baysi glis,l (m) £10
Y o> pgo ailas Job -Ly (M) YEIYYA p9d B Al ;o lagygiw glis,l (m) £10
py ailas Jsb -L3 (m) £/ VY
Jsl alas Jsb-Lj (m) YEIA O Jol B al jo lapygi glis,l (m) q
Yol pgd ailas Job -Ly (M) YEIYYA p9d B Al o lagygiw glas,l (m) q
pyes ailas Job -L3 (m) FA/- VY
Jsl 4ilas Jsb-Li (m) ¥ Jsl B aly o Loy elis,| (m) vIeY
f ol pgo ailas Job -Lo (m) OFIF 0 2y 2B aly o baggiw glis,l (m) \al
pos ailes Jsbo -L3 (m) ¥
Jsl ailas Jsb-Li (m) v Jsl B &l o bagygiw glis,l (m) YISy
b el po alas Jsb -Lo (m) Y50 pgd 2B Al 4o lagygie glis | (m) YISy
pos oo Jsb -Ls (m) v

oS ysbled < Cal odd

logys g ol 092 polie (oo (295l C80 098 0 onalin

Sz polie goad ol goue Jow e bygiw po e oy

SlaJow cds 0l ,Silo cdlae (] 45 3,10 399 5281 5l 2 Feinme

YA+

o9, b LY 5l S oloiiin g, y0 lagiw ;o 0al sl (59,
solie goue Jow cds ol gz izmen Lo)ls ST 580
Jbe sl gunl el oyl 5 oo zlyseiul polie b ool cua




VA B WYY dsis OF e o ) o)l @Y 0,93 S yual lyos cwdiges 4 il

el bogin i) jo Dl s slml sl go Jsl diged 4 S
Slo gt s Hlate jlas ciS walys baggin (S )0
j ctls sl Cmal ol K0 g5 slon 5 e
- e L e P o
Sy e gl el Olasin Lojls coeal o3l Jlis, 1 Sl
el oo ool lizs Y Jga o laJow

J>re Gillae 358 bs; 90 b loJaw 51 Sop Jodod Iy
ad) Uty 5has Jals ooles gl desT (sl oo ools 5
o IS s Slas T ojle ol )l 0y V) col L cos
205 S Ssxe Vo osle sl o0 SISty IS5 L Joles L
pledee s glp Fu Y Bk F Y QB b glagsin
el 00y (5l A Jgoz

atuilys (golpiin g, 45 puied ol dalds bl awglis
ladon plo o 1y ile Julos o oad 53 sl el )l e

Shgnl o aSl Jdo 4 polie plu ail e ool ooyl (goae
5l Oglite a8 sl 00,5 soliul J> sl ) Kips/ft oo,e L
Jooz polie b eadlo ) tON/M 20 L b oo plowl (slaJ>

55 oo s o golgiin alal 55 ¥

Qwg Ao dw by (oolawd (398 Jaw y0 Olyss bl b
Sy90 5 e (nl (pgaz )3 398 by, Coeal g Cenlond slom]
iy ol alaie Lol biges oS ol 28,5 15
il o 1 8 1y YU b wile jglitS

Vel a8 At e g el 4 ot 4355 L5 5 sladigas
T Y Nl g bl e b i e 5 el Jae sy plos
ol i 5 yaS 5 & byt £ ) L diged g0 el
Salite sloailas Jsbo b aigai 58 55 & 5 ¥ oVl 5 sl o)

a8 ymo (9 9 9l gy Il 93 (o gl Ao A Jous

Sl Aigad (SMSA) szl s, &3A s (1) Uaz
Vel V- V-V VA
Y ol - IAOA IASE oY
(Vo) adg) S | ¥ s VY VFAY VY
(mm)
f ol V/YYa VYOO Y/
b el Vo VOVD \
Vel S¥VY JFAA Yy
Y ol CYA CIYA¥ \/FY
(7) ol )l o2
® ¥ el CYEAY CIFO 155
f ol L ¥ray CFEYY “IAA
b el CYEVP (I¥VES VoY
Vel FY.A vy ¥ N
S8t Sl |y g YOV YoloF < 10A
s b eod
P ¥ el YAF YAIA0 \/FY
(VeU)
(nm) f ol Y5 OY YWY V00
B el 0VS FE/AY VWY

A



VAY U AVY b NYF- - JL..J A D)LM OY 0y9d x).:.aS):.Al U‘)A'c L;»A...Q(c 4.3).“;

a8 ymo g 9 gl gy CIl> 93 (o gl A lie LA Jgua aolol

el Aigal (SMSA) szl (s, 55 o) (/) Uaz
Vel \Y- % YO
CREE e YIE¥ Y14 Y
b o by
e ¥ el \Y0.0 YYO/A JVE
Fo) sl
(Fo) s f ol VEO.AY WA/ 0 /.5
(Ton)
b e VE5 AN VEF/A \Y/-Y
Vel VAY VA VSO
RS Y e Yras Yra £-9
Ak 5o gy
e ¥ el \PEF VWEY VE
F K
(Fe) 5 f ol V$0.4Y s ¥.5
(Ton)
b el VEFAA VEF/A VY)Y

1345 sl T GlsS b daglie o5 LT 31l o Atasg ailao
oslo )l 09 g ooy (chp 950 polie oletdn P9,
IR SPURCINI/A 35 [JCOC W ERYRPE: SpPYPROR
3 ooliul 5 cogioms S yas gl (6,815 1) 5l Dz
Sle iz S sl 05l s, i s 3 IS Jolly
sy ol 1 ool S5 sy 31 S 455,585 5 (e
5wl aw gl b gilwdoe CEd cwyp Sy 0 Wilg e
A3l e 5 158l
o0 U 35l o el il oS (ol 4 45
5o 1 el s Jdow slang, <ol cnl See o5l
5 S e il Sy 50 b a5 el o 0l L i )
Sz 5o bl Jelos sl 55T Al ool 5l 60 e
G gy 5l Jolo mls 2 (9% Sl (S Gl s (o200

b caws

&=y
1. AASHTO, 2012 AASHTO LRFD Bridge Design
Specifications, Customary U.S. Units (6th Edition),

N eSS (995 Hle S8 b aslie
b by 99 om sl Oliee s (9w & b ye (i gl
Y aS W s oo oanlie a5 jshailes S oo ol
St Saxes ot Sl © Wigad 0j50 50 Lot g il s
V\-LbaOu_" )i:Lu mg u." el OM)Z\Y AJI.QU}H..: QS"J’C
o D Sl asb e Yom 8 b slaalas o VY/7 0 0m

el 00l pravan C"L""'

& S Az =0
JBles 5o Gamdw iludae 4 5l soleida 551 )
Sloolawl LB ¢ casln ciwd hg, Wilgi co o)lai 1) canss
S 3 S bodd (Bpme ) gy et 4 b ol
S orp 90 Jslp adiles Jobo po i Guizmen 5 laaly
Gl aigas 0 )3 w3l oo YU L e Cunglio by adiye (sl o
@998 355 o) b mls aglio oS el a8 5 J15 ) 0 550

o slady sly ool 6551 (hg) SYL Sl B0 oaima i

YAY



VA B WYY dsis OF e o ) o)l @Y 0,93 S yual lyos cwdiges 4 il

13th World Conference on Earthquake Engineering,
Vancouver, Canada, 2004.

9. Tubaldi E, Barbato M, Dall’Asta A. Transverse seismic
response of continuous steel-concrete composite bridges
exhibiting dual load path. Earthquake and Structures
2010; 1(1):21-41.

10. Tsai MH. Transverse earthquake response analysis of a
seismically isolated regular bridge with partial restraint.
Engineering Structures 2008; 30(2):393—403.

11. Makris N, Kampas G, Angelopoulou D. The eigenvalues
of isolated bridges with transverse restraints at the end-
abutments. Earthquake Engineering and Structural
Dynamics 2010; 39(8):869—886.

12. Tubaldi E, Dall’Asta A. Transverse free vibrations of
continuous bridges with abutment restraint. Earthquake
Engineering & Structural Dynamics. 2012 Jul 25;
41(9):1319-40.

13. Buckle, 1.G., Mayes, R.L. & Button, M.R., 1987 Seismic
design and retrofit manual for highway bridge, Report
No. FHWA-IP-6, Final Report, National Technical
Information Service, Springfield, Verginia. 130-136.

American  Association of State Highway and
Transportation Officials, 4th Edition, Washington, D.C.

2. Barker, R. M. & Puckett, J. A. 2013 Design of Highway
Bridges: A LRFD Approach, 3rd Edition, John Wiley &
Sons, Inc., New York, NY.

3. Clough, R.-W. & Penzein, J. 1993 Dynamics of Structures,
McGraw Hill, New York.

4. Chopra AK, Chopra AK. Dynamics of structures: theory
and applications to earthquake engineering. Upper Saddle
River, NJ: Pearson/Prentice Hall; 2007 May 1.

5. chen, W.F. & Lui, E.M. 1987 Structural Stability, Elsevier,
New York.

6. Caltrans, 2014a California Amendments to AASHTO LRFD
Bridge Design Specifications — 6th Edition, California
Department of Transportation, Sacramento, CA.

7. Najm H, Vasconez R. Assessment of AASHTO LRFD
guidelines for analysis of regular bridges subjected to
transverse earthquake ground motions. Bridge Structures.
2015 Jan 1; 11(1, 2):3-18.

8. Calvi GM. Recent experience and innovative approaches

in design and assessment of bridges. Proceedings of

(2021) 171-184.

DOI: 10.22060/cee}.2018.14637.5702

F. ghaffari, M. Gh. Vetr, M. R. Adl Parvar, Using the Sinusoidal Shape Function in Analyzing
the 3-Span Continuous Concrete Bridges in Lateral Direction, Amirkabir J. Civil Eng., 53(1)

S gl o oyl 4 iR

VAY






