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ABSTRACT:  Initiation and progression of cracks in a saturated porous media is an important topic 
which has attracted considerable attention from researchers in the recent years. Extended finite element 
method (EFEM) is a contemporary technique removing the necessity of consecutive meshing of the 
problem in the analysis process. In the EFEM by enriching the elements whose discontinuity there exists, 
there is no need for re-meshing at each step of the analysis. .In this paper, EFEM is used to evaluate 
progression of cohesive crack in a two phase saturated porous media. To analyze the saturated porous 
media, at the first, the equations of mass conservation, momentum conservation, and energy conservation 
are established to consider simultaneous effects of displacement, pressure, and temperature on the crack 
progression. The cohesive model is used to simulate crack progression. Heavy-side functions are used 
to enrich finite elements and the resulting system of equations are solved by Newton Raphson method. 
Finally, the numerical model were analyzed by other researchers is considered to evaluate the derived 
relationships. Numerical result show that maximum variation by other researchers is 5%.
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1. INTRODUCTION
The extended finite element was used for the first time 

by Belytschko and Black in 1999 [1]. They utilized crack-tip 
displacement functions to enrich crack tip elements. Later, 
Moes et al. developed this approach and named it “extended 
finite element method” (XFEM) [2]. The XFEM was used to 
analyze two-phase problem for the first time by Belytschko 
and Chisa [3]. In 2007, Tethore et al, modeled cracked 
saturated porous medium for the first time [4]. Schrefler 
also proposed a new model which takes into account effect 
of different parameters such as displacement, temperature, 
capillary pressure and porous media pressure for a two-phase 
environment, simultaneously [5]. Vaziri proposed a finite 
element formulation which take into account the effects of 
heat and fluid flow in a multi-phase environment [6]. In the 
following of the mentioned studies, Pandey et al. investigated 
the effects of fluid injection on the crack in a non-isothermal 
porous medium [7].

In this study, the development of cohesive cracks in 
saturated two-phase environments has been investigated using 
the XFEM. Accordingly, first the relations of momentum, 
mass and energy conservations in saturated porous media are 
established, and then the relationships for the cohesive cracks 
were modified and rewrote by the matrix notation using the 
XFEM. Finally, to study the derived relations, the numerical 

model that has been developed is analyzed and evaluated 
using MATLAB program.

2. FORMULATION
The weak form of the momentum equation can be 

represented as equation 1.
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in which, NT

u  is the shape function of the standard finite 
element method. Using the part-by-part integration method 
and the divergence theorem, the equation (1) can be rewritten 
in the form of equation (2).
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In this equation, represent the boundary of the 
environment. In order to consider the crack effects, the 
difference of variables between the two sides of the crack 
should be included in the relations. Using divergence 
theorem and the relations of cohesive cracks, the equation of 
momentum can be rewritten in the following form (Eq. 3):
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Equations 4 and 5 are the mass and energy conservation 
relations in the cracked porous medium.
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Equation 6 is derived by transforming momentum relation 
into the matrix notation, using the XFEM.
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Which, enr

u
N  is the enriched displacement shape function. 

The matrix forms of the mass and energy conservation 
relations using the XFEM are presented by Equations 7 and 8.
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3. NUMERICAL MODEL 
In this section, for verification of the obtained relations, 

the numerical model suggested by Irzal is developed [8]. This 
model that is discussed in details in reference 8, evaluates a 
beam with a symmetrical discontinuity with the length of 10 
mm, which is shown in Fig. 1. Fig. 2 shows the crack extension 
obtained using the developed MATLAB code as well as the 
reported results in reference number 8.

4. CONCLUSIONS
In this study, the extension of cohesive cracks in a two-

phase environment was studied using the XFEM. First, in 
order to consider the effects of pressure, displacement and 
temperature, the equations of mass, momentum, and energy 
conservation were developed for the two-phase environment. 
Then, the obtained equations were discretized in the time 
domain. In addition, the Heavy-side function was used to 
enrich the cracked elements and the Newton-Raphson method 
was utilized to solve the relationships, simultaneously. In 
order to verify the obtained formulations, a numerical model 
that was developed by other researchers was analyzed using 
the suggested formulation. The obtained results showed the 
accuracy of the developed formulation, so that the maximum 
difference between the results of the model and reference 8 
is 5%.
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Figure 1: geometry for model investigation. 

  

 

 

Figure 2: Comparison between the investigation model and the reference 8. 

Fig. 1: geometry for model investigation.

Fig. 2: Comparison between the investigation model and the 
reference 8.
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