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Fracture Modes of an Annular Crack in a Transversely Isotropic Solid
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ABSTRACT: The existence and extension of the cracks in structural materials is one of the issues to  Review History:

be considered to prevent the devastating effects of cracks. Cracks can be subjected to different types  Received: 4 April 2017

of fracture modes that considering these modes help us to predict the behavior of cracks. This paper  Reyised: 9 May 2017
investigates the effects of the fracture modes (opening, shearing and tearing) on the annular crack inan  Accepted: 11 June 2017
infinite transversely isotropic solid. In each mode, by substituting the boundary conditions into governing  Ayailable Online: 13 June 2017
equations of the medium, the problem reduced to triple integral equations. With the aid of Hankel and
Abel integral transforms, the triple integral equations reduced to two Fredholms integral equations which
are amenable to numerical solutions. The inner and outer stress intensity factors of the annular crack are
obtained for different ratios of inner-outer radius of the annular crack. Some limiting cases such as the
penny-shaped crack and external crack are considered. From the results, it can be concluded that the
stress intensity factors (SIFs) are independent of material properties; additionally, loads play major role
in the variation of SIFs which may lead to change in the direction of crack extension.
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1- Introduction symmetry of the problem about the plane z=0 , it suffices to
It is common that all existing structural materials contain consider z>0 . The mixed boundary conditions are as follows:

defects such as cracks which lead to a decrease in strength

and lifetime of structures. Therefore, study of the interaction -0 <r<

between an annular crack under different modes of loading “. (r,O) 0 O<r<a )

and the surrounding medium should be considered. _ .

. ) ; o (r,0)=- ; <r<b 2
Kassir and sih [1] obtained the exact SIF of penny-shaped = (r ) p(r) asr 2)
crack and external crack under different loading conditions. —0

u,(r,0)=0; b<r<ow
The problem of internal loading of a flat annular crack ‘ ( ) )
located in an isotropic elastic solid was studied by Selvadurai o (r O) —0: O<r<oo )
and Singh [2]. Danyluk and Singh [3] considered the mA ’
axisymmetric stress distribution in an infinite elastic solid By inserting the related displacement and stress fields from
containing an annular crack under axial torsion. [4], the conditions (1)-(4) can be expressed as the following
The objective of this paper is to consider an annular triple integral equations:

crack under different types of fracture modes in an infinite
transversely isotropic solid medium. With the aid of Hankel -
and Abel integral transforms, the boundary conditions IO A'(f)JO (é‘r)df =0; 0<r<a (5)
reduced to Fredholm integral equations which are amenable
numerical treatments. Numerical results are demonstrated
for different ratios of the annular crack length. Some limiting 1

cases such as penny-shaped crack and external crack are J‘Oo EA & J, Erdé=f r =—p r /Ca<r<b(6)
covered. 0

r O<r<a

Lor b<r<w
2- Mode I
Consider an open annular crack of inner radius a and y -0 <r<oo
outer radius b, which is paralleled with the isotropic plane .[0 ¢ Jy or dg=0; bsr )

in an infinite transversely isotropic medium. The surfaces of

the crack are subjected to a compressive stress. Due to the where A’(€), f(r)(i=1,3) are unknown functions and C, is

a known coefficient. By using the procedure mentioned in [5]
and avoiding details of calculations, the conditions (5)-(7) are
reduced to the following Fredholm integral equations:
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uF, u d
F s =F s ——j u 0O<r<a )

)

Fy(s)==F"(s)- f:jow, b<r<o (9

S —u
where
aAf,(A)dA
F(s)= I\/f(i) O<s<a (10)
F(s)= Iﬂ:/wl a<s<b (11)
-
F(s)= ji}% a<s<b (12)

*ALA)AA, b<s<ow

Fi(s)= f\/— (13)
)

The opening SIF can be defined as follows:

K{ =lim/2(a-r)o_(r,0) (14)
Ki = lim \[2(r=b) 0. (r,0) (15)

Finally, it can be shown that:
K 2C,

i Zmﬂ (a);

k=25 F () (16)
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Figure 1. Normalized opening SIF under uniform loading

2- 1- Results

By considering the Equations (8), (9) and (16), it can be
shown that the SIFs are independent from the properties of
materials. The results of SIFs for inner and outer boundary of
the annular crack versus the length of the crack under uniform
pressure stress are shown in Figure 1. As it is clear, once K >
K,', the crack tends to extend toward the inner boundary.

3- Mode it
In this case, the crack surfaces are loaded by equal and
opposite shears p(r). The boundary conditions are:

ur(r,O):O; 0<r<a, b<r<w (17)
o,.(r,0)=—p(r); a<r<b (18)
0.(r,0)=0; O0<r<o (19)

Avoiding details of calculations, the equations (17)-(19)
lead to the following Fredholm integral equations:

2 (o s
F()=-F(s)+— F,(wd
() =—F(s) ”Lu@kﬁﬂsm)u
(20)
—E i — log uF3(u)du; O<s<a
b 2y’ —-u
Fy(s)=-F (s)——ja — > _F(u)du
0 (s* —u’)
2 1 + @1
i . S—”}Fl(u)du; b<s<o
0 2u —u
The shearing SIFs can be determined as follows:
. 2C , 2C
Ky = ”a;z F(a); Ky= ﬁb;z Fy(b) (22)
3- 1- Results

Similar to mode I, the shearing SIF is independent of
material properties. The results of SIFs for inner and outer
boundary of the annular crack versus the length of the
crack under linear radial shear stress are shown in Figure 2.
Obviously, as , the crack tends to extend toward the outer
boundary.

4- Mode

In this case, the crack surfaces are subjected to equal and
opposite twisting action. The boundary conditions are:

uy (r,0)=0;

0. (:0)==p(r);

0<r<a; bs<r<ow (23)

a<r<b (23)
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Figure 2. Normalized shearing SIF under linear loading

The governing equations and the results of SIFs are similar
to the mode II.
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5- Conclusions

An analytical treatment is presented for different loadings of
an annular crack in an infinite transversely isotropic medium.
By employing Hankel and Abel transforms and treatment of
triple integrals, the mixed boundary value problem is reduced
to the Fredholm integral equations. It is observed that in the
three modes of fracture, the SIF is independent of material

properties.

References

[1TM. Kassir, G.C. Sih, Three-dimensional crack problems:
A new selection of crack solutions in three-dimensional
elasticity (Book), Leiden, Noordhoff International
Publishing, 2 (1975).

[2]A. Selvadurai, B. Singh, The annular crack problem
for an isotropic elastic solid, The Quarterly Journal of
Mechanics Applied Mathematics, 38(2) (1985) 233-243.

[3]H. Danyluk, B. Singh, Problem of an infinite solid
containing a flat annular crack under torsion, Engineering
Fracture Mechanics, 24(1) (1986) 33-38.

[4]M. Rahimian, M. Eskandari-Ghadi, R.Y. Pak, A.
Khojasteh, Elastodynamic potential method for
transversely isotropic solid, Journal of Engineering
Mechanics, 133(10) (2007) 1134-1145.

[5]1J. Cooke, Triple integral equations, The Quarterly Journal
of Mechanics Applied Mathematics, 16(2) (1963) 193-
203

Please cite this article using:

DOI: 10.22060/ceej.2017.12713.5255

S. M. Dehghan Manshadi, Sh. Nategh, A. Khojasteh, M. Rahimian, Fracture modes of an annular crack in a
transversely isotropic solid, Amirkabir J. Civil Eng., 50(5) (2018) 855-864.

EiE

273




