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Abstract

The discretization error is‘one of the most common errors in the finite element method. One way
to reduce this error is by using adaptive methods. Adaptive methods generally involve a large
computational load; a technique for reducing this load is the use of data transfer operators. Even
with data transfer operators, adaptive’methods still require significant time from users. Given the
new capabilities provided by graphics processing units (GPUs) for general-purpose computing
under the CUDA platform, and the economic efficiency of GPUs compared to standard processors,
this paper aims to present an algorithm that can reduce computation time through general-purpose
GPU processing. The proposed algorithm begins with an initial finite element analysis using a
nearly uniform mesh and refines the mesh intelligently at each step based on the displacement
gradient. The conventional algorithm has been improved at several points. The patch formation
stage is implemented using the K-nearest neighbor method to facilitate more efficient
parallelization. In the data transfer stage, a dynamic method is employed to select the optimal curve
from a set of the best curves. The results show that the acceleration of this algorithm increases
proportionally with the number of elements. For instance, for'a problem with 908 elements, the
processing speed for stages one through three increased by factors of 6.6, 9.1, and 12.7,
respectively. The total time required for all three stages in serial processing was 96 seconds, which
was reduced to 8 seconds using this algorithm.
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1 Introduction

To reduce computational cost, data transfer operators are used instead of'solving problems from
scratch. Various operators have been proposed to transfer information between successive meshes.
The weighted average method, although simple, suffers from considerable errors. The dissipative
element method and constant transfer operator methods have similar limitations. Zienkiewicz'and
Zhu introduced the superconvergent patch recovery (SPR) method, significantly reducing errors
by fitting higher-order polynomials over superconvergent points [1]. Boroomand and Zienkiewicz
extended SPR to elastoplastic problems [2], while Khoei and Asil Gharebaghi developed a three-
dimensional version for elastoplasticity, demonstrating good accuracy for nonlinear cases [3-8].



Despite its precision, SPR-based data transfer is computationally expensive. Given the heavy

computational load of data transfer operators in adaptive finite element methods, parallel
processing can dramatically reduce computation time. Originally designed for graphics, GPUs

evolved to support general-purpose computing, notably after NVIDIA introduced CUDA in 2007.
This'allowediresearchers to efficiently perform finite element calculations beyond traditional CPU
capabilities. In previous studies, GPU acceleration focused mainly on matrix assembly and
solution phases.

2 Methodology

The adaptive'meshingalgorithm consists of the following major steps:

a.
b.

An initial mesh is‘generated, and the finite element analysis of the problem is performed.
Using the displacementvalues at each node of the old mesh, the norm of the displacement
gradient at each point is computed.

Based on the displacement gradient at each point of the old mesh, the geometric directions
corresponding to the maximum and minimum variations are determined.

The new element size'is calculated according to these maximum and minimum values,
reflecting the appropriate stretching of elements.

Using this information, a new mesh is generated such that elements are elongated along
the direction of minimal gradient variation and compressed along the direction of maximal
variation, resulting in an adaptively refined-mesh.

Each node of the new mesh is located within the old mesh to find the parent element
containing it. Using the shape functions of«the old element, displacement values are
interpolated at the new node. This completes the first data transfer operator.

For each Gauss point of the new mesh, a set of Gausspoints from the old mesh is selected
such that they are the closest neighbors. This method is referred to as the Gauss point
neighborhood.

A patch is constructed from these neighboring Gauss points,and stress and strain values at
the Gauss point of the new mesh are calculated and stored based on.the patch.

Improved stress and strain values for the Gauss points of the oldimesh-are computed using
the patch fitting method obtained in the previous step, thus completing the second data
transfer operator.

The errors in stress and strain are estimated by comparing the recovered values with the
original finite element solutions. Unlike the displacement norm, which is evaluated at
nodes, the strain error is evaluated at Gauss points.

At this stage, the finite element analysis data have been successfully transferred to.themnew
mesh, allowing the analysis to continue without repeating the previous computations.

The new mesh is analyzed. If the maximum error values and their distribution afe not
acceptable, the new mesh is considered as the old mesh, and the entire algorithm is
repeated.



3 Results and Discussion

a.% The proposed method was tested on several benchmark problems, including Laplace’s
equation over irregular domains. Results demonstrate that:

b..~The. GPGPU-accelerated adaptive meshing achieves speedups of 10x—-30x compared to
conventional CPU-based approaches.

c. The final.meshes are well-adapted to solution features, showing higher element densities
in regions with steep gradients.
The error distribution across the mesh becomes more uniform after each adaptation step.
Memory usage remains within acceptable bounds, enabling the handling of meshes with
several millien‘elements on a standard GPU.

f. Overall, the method/proves robust, efficient, and suitable as shown in Fig. 1 and Table 1.

strain(um/m) Table 1. Elapsed time using CPU and GPU
! 9.90E+05 (sec.)
‘ 8.66E+05
- CPU GPU
6.19E+05 3.3 0.5
’ 4.95E+05 15.5 1.7
3.71E+05 77.2 6.1

2.48E+05
. 1.24E+05
0/00E+00

Fig. 1 Critical paths in punch test, captured by.the algorithm

4  Conclusion

To effectively accelerate adaptive FEA, the algorithm was modified for GPU parallel execution,
notably by replacing traditional patch construction with a K-nearest neighbor (KNN) approach
adapted as K Gauss point neighbors. The modified/algorithm intelligently refines the mesh,
reducing discretization errors automatically at each step<Validation through the Prandtl punch test
confirmed its accuracy and practical applicability. The speedup depends on the number of
elements; finer meshes yield greater acceleration. In the presented’case, refinement stages were
accelerated by factors of 6.6, 9.1, and 12.7, reducing total computation.time from 96 seconds
(serial) to 8 seconds (GPU parallel). Overall, the algorithm significantly enhances performance
through GPU parallelization and promises even better results with newer hardware, making it a
valuable tool for engineering simulations.
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