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Nonlocal Buckling of Orthotropic Nanosheets with a Central Crack
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ABSTRACT: In this study, a comprehensive study of the non-local buckling of orthotropic nanosheets
with a central crack under uniaxial and biaxial loads has been conducted. Given the increasing
advances in nanotechnology and the widespread applications of nanosheets in various industries such
as electronics, medicine, and engineering structures, a detailed analysis of the mechanical behavior of
these nanostructures is essential. Damages such as cracks that occur during the production process of
nanosheets can have significant negative effects on the performance of these materials. In this regard,
non-local non-classical theories have been used as a new approach to analyze the behavior of nanosheets.
This research involves the development of governing equations based on first-order shear deformation
theory and the use of the extended finite element method to analyze cracked nanosheets. The main
variables studied in this study are: crack length to sheet width ratio, small-scale parameter that refers to
the effects of nanostructures on buckling behavior, nanosheet thickness, and different support conditions.
The results obtained show that the small-scale parameter significantly reduces the critical buckling
capacity of nanosheets. In particular, for nanosheets with an aspect ratio of 0.6, the non-local effect can
increase up to 1.18 times that of the case without a crack. Furthermore, as the lateral dimensions of the
nanosheets increase, the effect of the non-local factor gradually decreases. By providing comprehensive
analysis results, this research provides a solid foundation for the design and optimization of orthotropic
nanosheets under various loadings and helps to clarify the buckling behavior of these nanostructures. In
addition, these results can lead to the development of new production methods and optimal applications
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of nanosheets in industries.

1- Introduction

Nanotechnology, as one of the most revolutionary branches
of science and engineering, has opened new horizons in the
development of advanced materials and devices. Nanoplates,
due to their unique properties, have attracted increasing
attention in emerging industries such as battery production
[1], chemical and biological sensors [2], solar cells [3], and
field emission devices [4]. Considering these widespread
and critical applications, a precise understanding of the
mechanical behavior of nanostructures, particularly under
stresses and structural defects, is essential to ensure reliability
and optimize their design.

Buckling, as an elastic instability phenomenon under
compressive load, is one of the most critical limit states in the
design of mechanical structures. At the nanoscale, phenomena
such as the size effect parameters significantly differentiate
the mechanical behavior of these materials from that of
macro-scale materials. Previous research on the buckling
and vibration of nanoplates, especially graphene nanoplates,
highlights the importance of studying these phenomena.
Studies such as those of Farajpour et al. [5-6], Aksencer

*Corresponding author’s email: parham.memarzadeh@iau.ac.ir

and Aydogdu [7], Malekzadeh et al. [8-9], and Memarzadeh
and Abdolvahab [10] have investigated issues such as the
buckling of graphene nanoplates using classical and non-
classical theories, the influence of boundary conditions, and
the effect of small-scale parameters.

In many practical applications, nanomaterials exhibit
defects such as cracks, which can significantly affect their
load-bearing capacity and stability. Analyzing the behavior
of cracked nanoplates, especially while accounting for
nonlocal effects, which are key characteristics of nanoscale
material behavior, represents an important challenge in
materials engineering and mechanics. To date, incorporating
both small-scale effects and crack presence in orthotropic
nanosheets requires more advanced approaches. Employing
nonlocal elasticity theory, which extends the stress—strain
relationship to neighboring points, is essential for accurately
modeling small-scale effects in nanosheets.

This study provides a comprehensive investigation of
the nonlocal buckling of orthotropic nanoplates containing
a central crack. Within the framework of nonlocal elasticity
theory and the first-order shear deformation theory (FSDT),
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Fig. 1. Schematic of an orthotropic nanosheet in the
presence of a center crack defect under a uniform
uniaxial compressive load. In this figure, L, W, and h
are the length, width, and thickness of the orthotropic
nanosheets, respectively, and a denotes the crack length.

the governing equations of these structures are derived.
Subsequently, numerical analysis is carried out using the
extended finite element method (XFEM). The focus on
orthotropic nanoplates, due to their wider applications
compared with isotropic materials in certain industries, along
with an examination of the influence of geometric parameters,
loading mechanisms, and material properties on buckling
behavior, places this research among the leading studies in
the field.

2- Methodology
2- 1- Theoretical Foundations

To model orthotropic nanoplates while accounting for
small-scale effects, the framework of nonlocal elasticity
theory is employed. To describe the deformation behavior
of nanosheets, the first-order shear deformation theory
(FSDT) is used. The governing equations for the buckling
of orthotropic nanoplates are derived using the principle
of minimum energy along with the application of nonlocal
elasticity theory and FSDT. These equations are formulated
as an eigenvalue problem, whose solution determines the
critical buckling load.

2- 2- Extended Finite Element Method (XFEM)

The extended finite element method (XFEM) is a powerful
numerical technique for modeling discontinuities such as
cracks in material structures. In XFEM, the solution space is
divided into standard finite elements; however, for modeling
cracks, additional degrees of freedom are introduced at
nodes around the crack. These additional degrees of freedom
are defined through enrichment functions, which capture
the discontinuous nature of the problem. Since the present
research examines the buckling load of an orthotropic
nanosheet in the presence of a center crack defect under a
compressive load, as shown in Fig. 1.

For crack modeling, a combination of standard finite
element shape functions and specific enrichment functions is
employed to accurately represent the displacement field near
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Fig. 2. Investigation of the effect of the small scale pa-

rameter (n) and the component (a/W) on the buckling

load capacity of cracked square orthotropic nanosheets
under uniaxial loading.

the crack tip and crack edges. These enrichment functions
usually include a Heaviside function to model displacement
discontinuity along the crack line, and singular functions to
represent the asymptotic behavior of stress and displacement
fields at the crack tip.

3- Results and Discussion

In this study, eight-node plate elements are used to model
cracked nanoplates. The buckling coefficient is typically
defined as the ratio of the critical buckling load of the cracked
structure to that of the equivalent pristine structure. This
coefficient indicates the effect of crack presence and/or small-
scale effects on the reduction of buckling capacity. To validate
the accuracy of the XFEM-based results, numerical outputs
are compared with existing analytical and numerical findings
from credible publications. The key variables studied in this
research (see Fig. 1) include the crack length-to-width ratio,
the small-scale parameter reflecting nanostructural effects
on buckling behavior, nanoplate thickness, and different
boundary conditions.

In addition, according to Fig. 2, the crack existence in the
nanosheet and its length increase intensify the nonlocal effect.
e.g., in the case of p=1.5nm?, the nonlocal effect causes a 22%
and 26% reduction in the buckling load for a/W=0 and 0.6,
respectively. It means that a crack with a ratio of 0.6 increases
the non-local effect by about 1.18 times compared to the case
without a crack.

4- Conclusion

The key findings of this research indicate that:

1. Small-scale effect: The nonlocal parameter significantly
reduces the critical buckling capacity of orthotropic
nanoplates, with this effect becoming more pronounced at
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higher intensities.

2. Crack influence: The presence of a crack, especially
at higher relative lengths, amplifies the small-scale effect,
leading to further reductions in the critical buckling load of
orthotropic nanoplates.

3. Geometric dimensions: The lateral dimensions of the
nanoplate play a significant role in the intensity of the small-
scale effect; as the dimensions increase, the effect diminishes
and the results converge toward classical elasticity theory.

4. Boundary conditions: Boundary constraints also
influence the intensity of the nonlocal effect; more restrictive
boundary conditions (such as clamped edges) enhance the
small-scale effect.

his study provides a solid foundation for a deeper
understanding of the buckling behavior of cracked orthotropic
nanoplates and for optimizing their design in engineering
applications. Understanding the impacts of parameters such
as small-scale effects, crack geometry and position, and
boundary conditions enables engineers and designers to create
nanoscale structures with higher reliability and efficiency.
Furthermore, the results of this research can contribute to
the development of new methods for producing materials
with tailored mechanical properties and for the optimized
application of nanoplates in advanced industries.
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1. Fourth-order constitutive tensor
2. Small-scale parameter

3. Dirac’s delta function

4. Nonlocal

5. Local
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Fig. 2. Orthotropic nanosheet with central crack under uniaxial loading
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2. Weight function

3. Material domain

4. Displacement field

5. First order shear deformation theory (FSDT)
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1. Weighted integral form
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4. Shear correction factor
5. Extensional and bending stiffnesses
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1. Von-Karman
2. Resulting axial forces
3. Shear forces
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2. Standard stiffness matrices
3. Geometric stiffness matrices
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6. Extended finite element method discretization
7. 8-noded elements
8. Shape functions
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1. Extended finite element method (XFEM)
2. Enrichmen

3. Strong discontinuity
4. Heaviside function
5. Singular functions
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1. Natural coordinate system
2. Mindlin Theory
3. Shear locking

A Na



VNAY B 11E0 doxio VFF Jlo Y 0yl DY 095 ¢3S ol () po (i 4yl

F(r,0)={F,F,F,,F,} =

«/_sm( j«/_COS( ) (Yo)
\/_sm( jsm(&) \/_cos( )sm(@)

cooroi-ffull)

R(r,0)={R\,R,,R;,R, } =

i S
\/_sm( )sm(@) \/_cos( )sin(@)

(t) 4SS @lgs b (ol Ol yd oS s 4oy g (M) Blasgn 2 L ool

] Bgdio iy (V) U (VA) bdly) e e

d= {u VLW ,a,ﬂ}T (YA)
hz{a",av,aw,a”,aﬂ}T (V1)
t={p".b".b" b".p"} (v+)

DA 39800 gl (M) dbaly 3k IS lo)S (abl> oy

D={dhttt t} ()

Lolyy obiygyd JSb @lgs 5l ookl b ooljl @lsyd 53,5 d L

OBleS” Gzl gl Sy e «siye bulyd Jlash 5 (V3) b (VA)
0)99.)1) 0)49 )l..\.O.o aolas ")9“’6" odlasiwl D)J9 )‘J..O.a OYolro )‘ 0)99:1)

DA gd e ol (YY) dasly & j50a

vy

Uy,0) S5 S5 bl 5 55 g Joli flaciand olonle ol
V] 3350 e (YY) oty 3k (

+u,. (¥Y)

uenn’ch - uHeaviside Tip

DML’J& Lﬁbul} U]M w)”‘b uTip 9 uHeaviside ‘(399 d‘bl) )
o W 4SS @l bawg 0l 28 bl Gl g Bl s @b vy

D] a0l oo Cawds (YF) 9 (YY) Ll oo

b
uTtp = (Dl - (FJ (X)_Fj (Xz )) btv
i=l j=l 0
. m 0 (%)
+Z¢52(G1 (X)_ X; )) 0
i=1 =l b

+_z¢ Z(

dalxo (V5) alasly 3o & ol wlunga b (H(X (YY) a5
sorsS s il Sy bal g pll 08 Slaie X, w0
b! 1S 5 S osiiS e @lgy sl M (VF) dlasl )3 g disen ' 3L
0aiS it ply iy R g G F g Lol gousS e ool cls o b
2 Wen S g ko | )b Tambo (9 Sl 4SS
DA Sad e ol (YY) b (V) Lalyy b  odad ol olKiws

1. Additional enrichment degrees of freedom
2. Crack tip functions

3. In plane

4. Out of plane

5. Rotational
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4. Aspect ratio

5. Boundary conditions (B.C.)

6. Trigonometric solution

7. Pradhan

8. Refined third shear deformation theory solutions
9. Buckling load ratio
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1. Buckling coefficient
2. Eigen Problem
3. Convergence and verification
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Fig. 4. Sensitivity analysis of cracked orthotropic nanosheets under biaxial loading (a), orthotropic under uni-
axial loading parallel to the crack (b), orthotropic under uniaxial loading perpendicular to the crack (c).

Table 1. Specifications of single-layer graphene nanosheets
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Table 2. Specifications of orthotropic nanosheets [24]

E; E2 Vi2 V21 G2 G2 Gi3 Gi3

1.02 GPa 0.1*E; 0.3 0.1%v; 0.6%E> 0.6*E2 0.5*E2 G2
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Table 3. Verification of critical buckling load of orthotropic square nanosheet without cracks under
biaxial compressive load
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Fig. 5. Investigation of the effect of the small-scale parameter (n) and the width-to-thickness ratio (W/h) on the
buckling load ratio of cracked square orthotropic nanosheets under uniaxial loading.
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Fig. 6. Investigation of the effect of the small-scale parameter (i) and the component (a/W) on the buckling load
ratio of cracked square orthotropic nanosheets under uniaxial loading.
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Fig. 7. Investigating the effect of the small-scale parameter (i) and increasing the dimensions of the square na-
nosheet on the dimensionless critical buckling load of cracked orthotropic nanosheets under uniaxial loading.
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Fig. 8. Investigation of the effect of the small-scale parameter (1) and support conditions on the buckling load
ratio of cracked square orthotropic nanosheets under uniaxial loading.
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Fig. 9. Investigation of the effect of the small-scale parameter (i) and the component (a/W) on the buckling load
ratio of cracked square orthotropic nanosheets under uniaxial loading.
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Fig. 10. Investigation of the effect of the small-scale parameter (1) and loading perpendicular and parallel to the
crack direction on the buckling load ratio of cracked square orthotropic nanosheets.
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Fig. 11. Investigating the effect of nanosheet dimensions and loading perpendicular and parallel to the crack on the
dimensionless critical buckling load of cracked orthotropic square nanosheets.

oo Jole Gl b bS5 g anl 9 095hgl 399 92 2
! yogdle b SEalS sy b b b8 L Cond SasS
d=1.50m2 Ll b oS 5 Cgisnl 5 ©9ss) syl ¢l
@95932) 399U 3 i A 095559] 53955 (otiloS sl Cupnss yilS

Sre9> SISHL 2 bS5 0955l slaggyopl —Y 0

L8 oyl 5 DS 5 09 55l (S99l (g0 iileS
Jole 3B sl 4B S 5 o 250 (S ol 3 SIS, (6 gragd
G555 izt (oolasl slacns (gl (L23LS b Cond 5 So 58 plide
o o3l (i (V) JSb )3 (y9% 93 )15k 25 DS 555
Capd Gl Bl L (LS )l Cod 23,5 o0 oaalio & jsbplan Ll
Copd Sl L (9o J K> ©olsar biee Rl (ool
Comsd il U =1.50m% buylys )3 b Rl 59906 (ola
dgdo mbgept il jials el L/IW =18 4 L/W =1 jl sl
D)5 o o VY

Cupd p Cwlis gl saalis (V) S5 53 &5 Hebples

SoBypl Gl b p8U bS5 g peiygl sladygpl (S

VAo

sl S5 gloly 1 308 (5,138,

ISl sl 5 5 (oolad o b orimd L5 (VY) S
L bS5 ol (e SBGpl (LS cupd p i5)pPreSS
Aibe W =17nm,a=85nm,h =034, u=1nm>) L)
dg08 (5570 SS ()I5)L b 5 &8 €8S wni g (VY) USS )
bl s GRIBIL S5 lily 2 slse Sk 5 S5 sl
oo (il (B E5 L el 93 53 (LileS o pS o0l

Sbigl (ibS cups p @IS il SHOT) JSs
wop Dy hate Sbke A LS b ogpgl (e
BleS Jld) 23,5 (0 odalin & Hoblen (ol (pl .85 )3
S5 slily poges 9 ilge SHHSHL Il 93 (gl 0S5 slas o9l
il b adllas 3,90 b 93 e culyd o gl . it
Stwly 2390 ISl Al 3 & (gy5bay il o 12 S5 Jobo
2 &S b Rl LS oy S5 sk GBI S S
b pRalS (S o b S5 b

(S)pPeegd 9 S5 (HISHL 93 (gl (mdge et SIS G sl
2 BlS b s p S S Caanl 5 959l sl )
Sy b o saalin &S jeblen .l sad ol las (VF) S



WAY B VPO dorio AFF Lo & o)ladd DY ¢S ol lpos awdige i

12.0 [

= R =D XL
2 gac sl s
SHb SHL

C95% y9! S8 y99L (LS wa e (1o 5 5950 S5 S5l0 9 3908 GIS,L 5 (/W) 35990 (256 41 Jgb s Jole (o2 AT S5
PS5
S

Fig. 12. Investigation of the factor of length to width ratio of nanosheet (L/W) and loading perpendicular and paral-
lel to the crack on the dimensionless critical buckling load of cracked orthotropic nanosheets.
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Fig. 13. Investigation of the effect of the factor (a/W) and loading perpendicular and parallel to the crack on the
dimensionless critical buckling load of cracked square orthotropic nanosheets.
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Fig. 14. Investigation of the effect of small-scale parameter (1) and uniaxial and biaxial loading on the buckling load
ratio of orthotropic and isotropic square cracked nanosheets
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Fig. 15. Investigation of the effect of the small-scale parameter () and the aspect ratio of the nanosheet (L/W) on
the buckling load ratio of cracked orthotropic nanosheets under biaxial loading.

IAY



7.8

—— W/h=40

—o— W/h=50

74 b —— W/h=60

W/h=70

—o— W/h=80

9,70 | = Wh=90

3 - % = W/h=100

3% 6.6
6.2

5.8 : :

0 0.1 0.2

0.3 0.4 0.5 0.6

S5 Job o

23S 5 (30 2959 551 S 03998 LIS driier 12 5k 59552 (W) Caliud 4y (258 G g (/W) 4o 53U oy 22 1P IS
&8993 (5,135,
Fig. 16. Investigation of the effect of the component (a/W) and the width-to-thickness ratio (W/h) on the dimension-
less critical buckling load of cracked square orthotropic nanosheets under biaxial loading.
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Fig. 17. Investigating the effect of the (a/W) component and increasing the dimensions of the square sheet on the
dimensionless critical buckling load of cracked orthotropic nanosheets under biaxial loading.
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Fig. 18. Investigation of the effect of the component (a/W) and support conditions on the dimensionless critical
buckling load of cracked square orthotropic nanosheets under biaxial loading.
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Fig. 19. Investigation of the effect of the small-scale parameter (1) and the aspect ratio of the nanosheet (L/W) on
the dimensionless critical buckling load of cracked orthotropic nanosheets under biaxial loading.
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Fig. 20. Investigation of the effect of the component (a/W) and the aspect ratio of the nanosheet (L/W) on the dimen-
sionless critical buckling load of cracked orthotropic nanosheets under biaxial loading
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