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ABSTRACT: Analysis of stability in columns as the main structural member has a special place in
engineering research. In most of the past research, generally, researchers have studied the static buckling
in columns (prismatic or non-prismatic) in building frames or industrial beams. Static load capacity
only expresses the static critical load capacity of members under gravity load. For the safe design of the
structure, it is necessary to check the dynamic stability of the columns in the building frames under the
vertical load of an earthquake. In this article, in a comprehensive model, the combined effect of inherent
damping, floor mass, and vertical earthquake load on the dynamic stability of columns in unrestrained
moment frames is investigated. In fact, the proposed method is a combination of Julian-Lawrence static
modeling and Bolotin dynamic modeling to consider the dynamic effects in the frame columns based
on the finite element method. In the first step, the constitutive equation is extracted using Hamilton’s
method. In the next step, the response of the equation is checked using the finite element method with
Hermitian three-degree interpolation functions for 50 components. The results show that the inherent
damping, concentrated mass, and rotational stiffness of semi-rigid joints have a significant effect on
the resonance frequency, effective length, and dimensionless dynamic load factor. With the increase in
inherent damping, rotational stiffness, and concentrated mass, the graph of effective length changes is
shifted to the left side of the excitation frequency axis. Considering the effects of inherent damping and
concentrated mass in the modeling, 7% and 81%, respectively, affect the resonance frequency changes.
There is an acceptable agreement between the results of the present article and previous research.
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1- Introduction steel frames with semi-rigid joints under harmonic excitation

Structural stability has always played a vital role in the
design of steel structures, particularly for slender members
where buckling becomes a governing factor. While Euler’s
classical theory laid the foundation for defining the critical
buckling load, it was limited to ideal boundary conditions
[1]. More realistic approaches later incorporated semi-
rigid beam-to-column connections and elastic supports
through equivalent spring models [2]. Further developments
included creep buckling in viscoelastic columns modeled via
Kelvin and Maxwell frameworks [3], buckling of various
structural elements, including tapered or stepped columns
[4], and columns with variable cross-sections under different
boundary conditions [5]. Analytical solutions using Hermite
shape functions, virtual work principle, and energy-based
methods provided accurate predictions for critical loads and
natural frequencies [6]. Recent studies have extended to the
dynamic stability of columns under time-dependent axial
loads. Bolotin pioneered the concept of dynamic buckling
in mechanical systems [7]. Later work included studies on
graded nanobeams, viscoelastic fractional-order beams, and
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[8]. In 2023, Savin et al. investigated progressive collapse
in RC frames under sudden column removal scenarios [9].
Kadim and Alzuaid validated FEM models for tapered RC
columns, confirming improved load capacity [10]. Ozil et
al. analyzed the dynamic stability of diamond-shaped steel
frames and found that geometric form enhances resistance
to external oscillations [11]. Fonseca (2024) revealed that
non-uniform square hollow steel columns are more resilient
to initial buckling than uniform ones [12]. Despite these
contributions, dynamic buckling under vertical seismic
loading remains underexplored in design codes such as Iran’s
National Building Regulations [13]. Most prior research also
overlooks the combined effect of inherent damping and floor
mass concentration on column stability in unbraced steel
frames. This research develops a unified model for analyzing
dynamic buckling, effective length, and natural frequency
of prismatic columns in unbraced steel moment frames,
incorporating:

» Vertical seismic effects are modeled as harmonic axial

loads,
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Fig. 1. Column in an Unbraced Moment Frame Con-
sidering Lumped Floor Mass and Inherent Damping
Effects

* Inherent material damping using Rayleigh’s method [14],
* Semi-rigid beam-to-column joints via rotational springs,
+ Elastic boundary conditions.

The governing equations are derived using Hamilton’s
principle and energy method, with Hermite interpolation
functions used to form the stiffness, geometric, mass, and
damping matrices. The static buckling load and natural
frequency are obtained through eigenvalue analysis. Finally,
the dynamic critical load under varying excitation frequencies
is determined using the Miiller root-finding algorithm, with
validation against prior literature.

2- Methodology

As illustrated in Figure 1, a column belonging to
an unbraced moment-resisting frame is considered,
characterized by the moment of inertia I, modulus of
elasticity E, cross-sectional area A, material density p, and
length L. The column has a mass per unit length of pA. The
effect of inherent (material) damping is modeled using a
damping coefficient C, while the inertial effect of the floor
mass is represented as a lumped mass M applied at the
top of the column. The column is assumed to be part of an
unbraced steel moment frame, where point B (the top of the
column) is free to undergo lateral displacement, i.e., has no
lateral stiffness. The semi-rigid behavior of beam-to-column
connections at the column ends (points A and B) is modeled
using rotational springs with stiffness values KOA and K6B,
respectively. During seismic events, columns in such frames
are subjected to dynamic loads induced by both lateral and
vertical components of earthquake excitation. To incorporate
the effects of vertical seismic acceleration, the column is
loaded axially with a time-dependent axial force P(t), which is
composed of a harmonic cosine component superimposed on
a constant static axial load. This study analyzes the dynamic
buckling of a prismatic column in an unbraced steel moment
frame using the Finite Element Method (FEM). The modeling
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framework integrates:
Inherent damping via the Rayleigh damping model
Concentrated mass (M) representing the floor mass
Rotational stiffness at ends using semi-rigid connections
Dynamic harmonic axial loading to simulate vertical
seismic action

2- 1- Governing Equation

The governing differential equation is derived using
Hamilton’s principle. The total virtual work includes kinetic
energy, strain energy, work by damping, concentrated mass,
and boundary springs:

o[ @ ~U +w, +w )t =0 1)

The kinetic energy incorporates both distributed mass
mmm and lumped mass MMM:

du(L,t)Y
(—dz j (2)

2
T = lr m 2 g+ Ly
2% ot 2
The strain energy includes the bending stiffness and axial
load effects:

Ve (o) L ouY
The damping is modeled as:
C=aM + pK 4)

where a,  are Rayleigh coefficients.

Using Hermite cubic interpolation functions and Galerkin’s
method, the weak form is discretized and assembled into a
global eigenvalue problem:

(K +K,+aC -o’M YU =0 (5)

Solving this yields the resonance frequencies and
dynamic buckling loads as functions of damping, mass, and
joint stiffness.

3- Results and Discussion

3- 1- Effect of Boundary Stiffness and Mass
The analysis was conducted with varying parameters to

study their effect on dynamic buckling. The results confirm:

* Increased concentrated mass significantly decreases the
resonance frequency.

» Higher damping shifts the resonance frequency leftward,
reducing peak load capacity.

* Rotational stiffness in semi-rigid joints improves dynamic
stability.
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3- 2- Parametric Study Summary

Table 2. Normalized Sensitivity Index Table

Relative  Response

Table 1. Parametric Study Summary Input Change Change Sensitivity
Parameter (AP/P) (Af/f) Index S
Change in Resonance Intrinsic
Parameter Frequency Damping ¢ 1 -0.068 -0.068
Concentrated
Damping increase (§ = 4%) 1 7% Floor Mass M 1 -0.812 -0.812
Mass increase (to 3 Ton) 1 81% Bqundary
Stiffness 1 +0.133 +0.133
Stiffness increase (Ga, Gb) 113% Ga,Gb

3- 3- Numerical Convergence

The FEM model showed convergence for > 20 elements,
with minimal error compared to reference solutions (Julian &
Lawrence, 1980; Bolotin, 1962). The study validated results
using analytical formulas and numerical benchmarks across
ideal and realistic boundary conditions.

3- 4- Sensitivity Analysis of Model Parameters on the
Dynamic Response of the Column

This section evaluates the influence of three key
parameters—intrinsic damping, concentrated floor mass, and
boundary stiffness of connections—on the dynamic stability
of the column. A normalized sensitivity index was calculated
for each parameter to quantify its effect on the column’s
resonance frequency. The results show:

» Concentrated floor mass has the greatest negative impact,
significantly reducing the resonance frequency and
dynamic stability.

* Increasing boundary stiffness raises the resonance
frequency, enhancing stability.

* Intrinsic damping has a relatively smaller effect, causing a
slight decrease in resonance frequency.

These findings provide engineers with a clear prioritization
for seismic retrofitting and earthquake-resistant design.

4- Conclusion

This study investigates the dynamic buckling, natural
frequency, and effective length corresponding to the dynamic
buckling of an unbraced column with elastic supports,
considering intrinsic damping and concentrated mass (due to
floor mass) under harmonic axial loading. Initially, the weak
form of the governing differential equation was derived.
Interpolation functions were employed as shape functions
in the formulation, based on which the material stiffness,
geometric stiffness, and mass matrices were obtained.
Subsequently, the eigenvalue problem was solved using
these stiffness matrices. The Miiller root-finding technique
was implemented via MATLAB coding to calculate the
eigenvalues.

Key findings of the study are as follows:

* The intrinsic damping coefficient significantly influences
the variation of the effective length associated with
dynamic buckling as a function of the excitation frequency.
Increasing damping shifts the response curve to lower
excitation frequencies.

* The parameters GA and GB, representing the stiffness
ratios of the column to beam at the semi-rigid connections
at the base and top, respectively, also considerably affect
the effective length variation related to dynamic buckling
versus excitation frequency. Increasing these stiffness
ratios causes the response curve to shift towards lower
frequencies.

* Incorporating intrinsic damping in the equations affects
the resonance frequency by up to 7% compared to the
undamped model.

* The concentrated mass (resulting from the floor mass) has
a pronounced impact on the effective length variation with
respect to excitation frequency. Increasing the concentrated
mass shifts the curve to lower frequencies, with its effect
on the resonance frequency reaching up to 81%.
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Table 2. Column Specifications
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Table 3. Dimensionless Natural Frequency Values for a Column with Various Boundary Conditions
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Table 4. Dimensionless Critical Load Values for a Column with Various Boundary Conditions
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Fig. 2. Dimensionless Dynamic Load Factor Variation versus the Ratio of Excitation Frequency to the
Dimensionless First Mode Natural Frequency
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Table 5. Resonance Frequency and Effective Length Values for Columns with Various Boundary Conditions
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Fig. 4. Effective Length Variation Corresponding to Dynamic Buckling versus Excitation Frequency for a Col-
umn with Elastic Supports without Inherent Damping
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Table 6. Values of Resonance Frequency, Dimensionless Natural Frequency, Dimensionless Critical Load, and
Effective Length for Columns with Various Boundary Conditions
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Table 7. Values of Damping Coefficients o and p, Resonance Frequency, and Changes in Resonance Fre-
quency Relative to the Undamped Case for a Column with Elastic Supports and Inherent Damping
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Fig. 6. a) Variation of the Dimensionless Dynamic Load Factor versus Excitation Frequency for a Column with

Elastic Supports and Concentrated Mass (Without Damping), b) Variation of the Effective Length Corresponding

to Dynamic Buckling versus Excitation Frequency for a Column with Elastic Supports and Concentrated Mass
(Without Damping)
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Table 8. Values of the First Natural Frequency, Second Natural Frequency, and Resonance Frequency for a Column
with Elastic Supports and Concentrated Mass (Without Damping)
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Table 9. Values of the First Natural Frequency, Second Natural Frequency, and Resonance Frequency for a
Column with Elastic Supports and Concentrated Mass (With Damping)
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Fig. 7. A) Variation of the Dimensionless Dynamic Load Factor versus Excitation Frequency for a Column with

Elastic Supports, Concentrated Mass, and Inherent Damping, B) Variation of the Effective Length Corresponding

to Dynamic Buckling versus Excitation Frequency for a Column with Elastic Supports, Concentrated Mass, and
Inherent Damping

YAA



0812 _ 812 (*v)

Sy =

b Bl Camlus sxmdlis (el pl Syl e
Py 38> ilode Coonl ami ol sl S paie x4 (Seelud

S oo Mz gd g (glojy) Sk ) Clib

GGy BB AT (5550 (w1 Tl Sl
P Couweg slayd LS s SLG,,Gy syl
(F) IS5 31 25 polis cnpuiio oyl 3B gy 2 (2 i (ygir oo 93
ol ol glysuiwl (goae Julou g
G, =05 )y o adgl bis o
G,=1:u0 )i o
Q,=255Hz gl s p nuis Ll8,8 .

Q,, =28.6Hz s il clls s aais L5 e

AQ, 28.6-2525 335

Q, 2525 2525
AG _1.0-0.5 05

G 05 05

=+40.133 Fuoly yus .

1 eyl i .

S, =+0.133 (A)

Caghi 9 2add iS5 Gl cage cVLall (gye (B il
@ 5 VLl 2Lk )3 ggdge pl 2350 (gt (Seeld (5)luk
Db slohg Cucdl twdas aied OB 1> 05 ads ¢ ygimw

Sealad (5l Gl & Cusl asile (398 Jgir @S (el
Sl g )15 Al 3 pte p 2y G |) Gl (il (g
e Coles 53 9 3yl 18 Cuenl pod 4l 0 Ylal (650 (B
6y MLl )15 s (Saalisd 3, 5 (58l il b
B> gyl Wlg e 1) ecunl wedyl Sl ghb losige
sl awsly A3y ply 3 pglie (b g o) (ilue Clallae
b ool sl yially (b dgus wlas 3 Wl e oS ol Gieen
55,48 edlanl 590 Cunlad pas byl il

YA

SILL Gasls lyieas (gt 25 Gl )8) Jae Gl pize R
{Salins

o boaib s (D olie) )y D)0 (£35y5 el P .
f(olfc\ﬁﬁ Ls‘”)?')

ool ol Jlade puss AP g sl Jlde pois AR o

§ (15 (2l 0 @ Fwl Colus

B9y (B g oy g le (b S Gk 5l G 2l e
ol B s o] 1 ) pslatodr ul 0 Blod Jao 50 L,
b ol o gl 3l Z¥ B yio I ol pee jlade iali3l ol 4 i
sl b 039l (V) Jgio 4 255 b

Q,,=24.6Hz /¥ e basis Lulss o

AQ, _246-264 18 oo il i e
Q 264 264

AL 0.04-0 _0.04
{004 004

=1 el s @

S, = @ =-0.068 (v5)

D553 alS el 15 alee Ltal3l o s oe Lt e ol

M b 55yl oy &1 gewly Sl
Sl p > S g0 4 Conl GlEL p > 0A5led 5 el p >
Jibs alis (A) Jgir ok 5l ol 3 9de Jlost gt slal

G W
er =26.4Hz 3 9 A uwlf)s °

Q,,=495Hz : ¥ o b s LuilS )3 0

AQ, 495-264 2145

Q 264 264
AM_3-0_3_, el s e
M 3 3

=—0.812 ‘gl yuss ®

EC VN



Sl (Spad Lo Ve Jgs

Table 10. Sensitivity Indices
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