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ABSTRACT: The Traffic assignment problem in the transport networks is formulated as a convex
optimization problem using simplifier assumptions. Link-based, path-based and bush-based algorithms
have been presented to solve this problem, among which the link-based algorithm has found more
applications thanks to its low memory requirements. The link-based algorithm of Frank-Wolf (FW) is yet
amongst the most popular assignment algorithms, because of its simplicity as well as high convergence
speed during the initial iterations. However, the low convergence rate of this algorithm near the optimal

solution has driven many studies that focus on modifying the FW search direction, resulted in newer link-  Keywords:
based algorithms. Among them are conjugate direction algorithms which are more effective and simply
implementable. These algorithms include PARTAN, conjugate FW (CFW) and bi-conjugate FW (BFW).

This paper uses the Chicago Regional and Sioux-Falls test networks to make direct comparisons among

Traffic Assignment
Link-based algorithms
Frank-Wolf Algorithm
PARTAN Algorithm

these algorithms with respect to the CPU time and iteration number needed to reach various accurate
solutions. The results for Chicago show that, compared with the FW algorithm, the three algorithms
CFW, PARTAN increase the convergence speed to the relative error of 10-5 (i.e. a stable solution) by
about 89, 72 and 63%, respectively, while only the BFW can reach to a 10-6 relative error. Comparing

Conjugate direction algorithms

the results from Sioux-Fall with those of Chicago demonstrates that the performance of the conjugate

directions Algorithms improves as network size decreases.

1- Introduction

The issues existing in human and freight transportation
are among the most important and fundamental problems
of the present age. Moreover, these issues are extensively
increasing due to the increase in the value of time as well as
the formation of competitive markets in this area. Therefore,
it is necessary to conduct continuous studies with the aim
of improving or modifying existing transportation systems.
The main part of such studies is modeling the traffic of
transportation networks in different situations of travel
demand and transportation systems.

Link flow patterns in a transportation network are
obtained by solving a mathematical program called the
traffic assignment problem (TAP). Given the amount of
travel demands between the origin-destination (OD) pairs in
the network, the TAP is aimed to answer how demands are
distributed among existing paths connecting the OD pairs.
This problem fundamentally obeys the used equilibrium
principle [1] that is no user can reduce his own travel time by
unilaterally changing his path.

Knowing that the evaluation of transportation policies
(such as network expansion and congestion pricing) requires
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so many times solving the TAP, providing fast convergent
TAP algorithms has always been the focus of researchers
in this field. Various solution methods have been proposed,
differing more or less in fundamentals. They are generally
divided into three categories: link-based, path-based and bush-
based algorithms. The most famous link-based algorithm
is the Frank-Wolf (FW) algorithm [2], which has been the
most widely used TAP algorithm for the last five decades.
The most important feature of this algorithm is its simplicity
and low memory usage. Despite these positive features, the
convergence rate of the FW algorithm is very low, especially
when approaching the optimal solution.

2- Methodology

In this study, we investigate the convergence rate of the
most important link-based TAP algorithms, including FW,
PARTAN, conjugate FW (CFW) and Bi-conjugate FW (BFW)
algorithms. The details of this algorithm can be found in [3].

Obviously, algorithms can be evaluated from different
aspects, but without a doubt the convergence rate is one of the
most important indicators in this type of evaluation. In this
paper, to determine the convergence rate of the algorithms,
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Table 1. Specifications of the test networks

No. of No. of No. of Total
Network .
Zones Nodes Links Demand
Sioux Falls 24 24 76 360.6
Chicago 1790 12,982 39,018 1,360,428
102
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Fig. 1. Convergence rate of FW, PARTAN, CFW and
BFW algorithms for Chicago network

the number of iterations and the time required to achieve a
certain precision in solving the problem are used. In order
to make correct comparisons between algorithms, a common
structure must be used in their programming so that their
results are comparable. Therefore, the computer codes of the
aforementioned algorithms are written in a common structure
with the same programming language, so that there is no
difference between them except in the method of determining
the search direction. In coding these algorithms, the bisection
method [4] is used to perform linear search and the Golden
algorithm [5] is used to solve the shortest path problem.

The algorithms are tested on two different networks, each
of which has been used for a specific purpose. The small-
sized Sioux Falls network is used to examine the solutions
of these algorithms against each other as well as to control
coding accuracy. Finally, the Chicago network is used as a
large-scale network to compare the convergence rates of the
competing algorithms. The characteristics of the test networks
including the number of zones, nodes, links and sum of the
elements of the demand matrix, are shown in Table 1 [6-8].

The intended algorithms were implemented in C++
programming environment by Visual Studio 2013 software
on a computer with a 2.8GHz dual-core processor and 8GB
of RAM. The relative gap (RGap) measure is used to set the
convergence criterion, the most common criterion used in
recent TAP algorithms. This measure is equal to the relative
difference between the total travel time of the users and the
total travel time of them as if they experienced the shortest
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Table 2. Results of FW, PARTAN, CFW and BFW algo-
rithms to the precision of 10-5 for Chicago network

No. of CPU Time

Algorithm iterations (min) RGap

FW 6050 504.47 0.00000971
PARTAN 2249 187.85 0.00000984
CFW 1659 140.24 0.00000978
BFW 642 53.27 0.00000950

Table 3. Required memory of the studied algorithms
for Chicago network (MB)

FW PARTAN CFW BFW
0312 0.624 0.468 0.624

Table 4 Relative number of iterations of the studied al-
gorithms to the precision of 10-5 for Chicago and Sioux
Falls networks

Network FwW PARTAN CFW BFW
Chicago 1 0.37 0.27 0.11
Sioux Falls 1 0.35 0.18 0.02

path travel time on the network. According to a study by
Boyce et al. [9], link flows in large-scale networks stabilize
after an RGap of 107 is reached. Therefore, in this study, for
both the Sioux Falls and Chicago networks, the RG criterion
is defined as reaching an RG of 107 or less in order to obtain
adequate accurate solutions.

3- Results and Discussion

Figure 1 shows the convergence rates of the FW, PARTAN,
CFW, and BFW algorithms with respect to the CPU time
until RGap of 107 is achieved. As can be seen, only the BFW
algorithm is able to hit the RGap of 10 in a reusable time.
Moreover, Table 2 tabulates the number of iterations as well
as the CPU, and Table 3 reports the memory required by each
algorithm to reach this precision.

Table 4 shows the results of a direct comparison between
competing algorithms in terms of the number of iterations up
to the RGap of 10 for the Chicago and Sioux Falls networks.
In this table, the number of iterations of the PARTAN, CFW
and BFW algorithms are normalized with respect to that of
the FW algorithm.
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4- Conclusions

In this paper, the speed of convergence of FW,
PARTAN, CFW, and BFW algorithms to stable solutions
were investigated. Comparisons among the algorithm were
performed under the same software and hardware conditions
on the large-scale Chicago network. The results showed
that the three algorithms BFW, CFW and PARTAN can
reach relative gaps less than 107 by about 89, 72 and 63%,
respectively, of the CPU time the FW algorithm needed.
In other words, conjugating the search directions (even
approximately) increased the efficiency of the base FW
algorithm by more than 60%. The efficiency of the BFW
algorithm was much higher among the studied algorithms,
due to the fact that it applies the conjugation with respect to
the last two directions. The CFW algorithm converges slower
than the BFW algorithm, because in which the conjugation
is performed only relative to the previous direction. In terms
of performance, the PARTAN algorithm was placed between
the CFW and FW algorithms, because it approximates the
conjugation and also requires an additional linear search per
iteration. By the way, among the three conjugate direction
algorithms, only the BFW was able to find a solution with a
relative gap of less than 10-°in less than 500 minutes.

References
[1] M.J. Beckmann, C.B. McGuire, C.B. Winsten, Studies in
the economics of transportation, (1955).

[2]L.J. LeBlanc, E.K. Morlok, W.P. Pierskalla, An efficient
approach to solving the road network equilibrium traffic
assignment problem, Transportation research, 9(5)
(1975) 309-318.

[3] M. Mitradjieva, P.O. Lindberg, The stiff is moving
- conjugate direction Frank-Wolfe Methods with
applications to traffic assignment, Transportation
Science, 47(2) (2013) 280-293.

[4]Y. Sheffi, Urban transportation networks, Prentice-Hall,
Englewood Cliffs, NJ (1985).

[5]B. Golden, Shortest-path algorithms: A
comparison. Operations Research, 24(6), 1164-1168.
1976

[6] Transportation networks for research. https://github.com/
bstabler/TransportationNetworks. Accessed July, 20,
2019.

[71 A. Babazadeh, B. Javani, Comparison Between Path-
based Algorithms for Traffic Assignment Problem, in:
Transportation Research Board 91st Annual Meeting,
(2012).

[8] H. Bar-Gera, Traffic assignment by paired alternative
segments,  Transportation = Research ~ Part  B:
Methodological, 44(8-9) (2010) 1022-1046.

[9] D. Boyce, B. Ralevic-Dekic, H. Bar-Gera, Convergence
of traffic assignments: how much is enough?, Journal of
Transportation Engineering, 130(1) (2004) 49-55.

HOW TO CITE THIS ARTICLE

DOI: 10.22060/ceej.2021.19708.7244

V. Karimi, A. Babazadeh, Comparison of Convergence Speed among Conjugate Directions
Traffic Assignment Algorithms, Amirkabir J. Civil Eng., 54(6) (2022) 445-448.

447






785 500 ()] yo (o kien & i

YYYS 5 YVIA lio OFe) Jlo & 5o OF 0153 3 peol o) yos (susiiteo 555
DOL: 10.22060/cee.2021.19708.7244

T9250 Sl S5 panass (b 00 )N (o (2l Sed Sy dunlio
*oalilbl b cm)S Ay

. C)‘)?.I ‘C)‘)‘QJ ‘Ol)@ ol Kuisly ‘L')l).o.c (oW 04SNy

18,5913 ey ,U
AARSVAR AL RO PR
DRI (ARSI
Ve[ AN 2y
VEe o[- AIVA 2o T )

e (53l Al s S g0 4 008 0ls (198 ot (B g o> (sl 4 > Sl e alius i
Sl oS cam ol )3 lod )l s oy 2 g ys 0y 2 oS by 2 sl w95Vl dlians (ol o (62 98 00 s S0 3
ey 35 9 (Sl b 4y cilg = S5 (oS by o o oSl Bl (it 58 1S (e il Jds 4y oS AL
2 280 ol Jg 29 0 g Sl panass (slaei, oS cp pogome gi e adgl slanylySs 5 ol ab; ol Sen
Syt o ol Bua b (eaaxie o ig s (98T e (ot 4y g sl (hunid gl Ko (S dinge Sl (S35

1605 Clols ]
Sl oot gl Gileodly e 53 g 039 L ygS (nl £ (05550 2950 o (slaia )l sl 04 plol g — U3

e oduolio dllde cpl 15 Al o zgdie 50 g — SUlL8 zad 5o calg— U181 U,b Jolis bapits ;oI ol cemsl yio0bs
b 5 b olidle S5 45l g9y wi sl el o lor ilises (lacEd 4y () U ST olas g > o L
Pebk g zese g = Sid zgdje 93 il — U8 o oS0l dus 4 im0 (LS S D95 o0 Pl g oo Sag8
2935 ) i 4 SIS aSs gl |y [l Slgn) Vo0 (ellas b plg> 0 (ol Sen oy acily = STl 8 02 )55 L sl

oS ab » sle w63l
Gy~ S S
OBk i )eSl

z9e Ay = S slae )5
dunlio Dy 1y Ve=F gl 4y ) Ules zad 50 90 g — STl 48 iy oSl Laidd ¢ o )3 idd o il 38l o 3 £V 9 VY AR

o Gl 45 Il IS L e la (sl s IS o8 403 o (5 S5 oS5 gl b s 45 ol

i alize sado S o g iz Sloy sla 38l 3 |y e
Alre aSd Al iyl gy S5 b giledae )5
ot (§jlo e I o (i3 (UL g Waol 555 dabld) (e
Ol Sl gl T g s s eSSt 1) S5 Jes
) 3925 By slaai I (2L
ol diby Jigdos s Lol (IS plgis 4 plae S
Sads = e slogs) o pa5d 4ld Jloy plrals ISl sl
a b ylS Jols cdls pposle o plee 4l 3)b sdpe 1y aSui 4o
log b yie (LS 5 ol QL Glyie 4 o) 5 plae gt
(oo 4055 g 9,d (sloo)S) dade = Mo (slagg; o (oo alis
oyl plgis Cod puple So g a4 (oo (Sloj 0> Su
sl > by sl e Db o (Syre daie — law Lol

dodko -
gy 1y eloin) — (ool slacalld laniy (i g oo
l38)) B o> w13 90 95 2 9y (il I S o0 3L S0
el 5 oolaidl sl 15 6y dngs mga (dizsn LialS b LS
B o3litl (gl 1, SMSke 5 Jlaws gondgo ol essbo j1 a0
o alas 51 4SS o syl Jig Lo s | GBS 03liol - 5
s ol 2,8 0,8l clislas g lon Sogll (ol 4 gise
Saspe oS Jluo cnl Jo sliwly > J&gJos cuite 5 (sip0eli
M@&L&awﬁlﬂ9uﬁwu¢|)ﬂ‘&&i4}byb).u9;o.)y
s S @l g Jos Sldllas pbos! 51 Gaa ol |l pasiol siojls
o Jo car s 06 JBgJes whoswr gl (gl e il 5 obgS
op) 403V ol i | BaS edlatul e g BaiS” edlatul ol

Cansy Ol o] S8 a4 b cwl JEg e pranw ilo e I

ababazadeh@ut.ac.ir sl Jsosgs sty ™

(Creative Commons License) _edpe (Sl ule cov dlio cpl ol oad odly pu pal oSty @)l & 156 Gois 5 (Bsimng 4 cuilpe Goi>
BY NC

Asleyd s https:/www.creativecommons.org/licenses/by-nc/4.0/legalcode sl jl (uilud ol Slija (sl ool 48,5 )5 las yoy2ud )

DARRY



YYYE B YYI docin VF ) Jlo & 0)loud OF 095 ¢S ool (ol pos suoie 4 5

Ll g - U8 car WS e o Tisilge SCIIBE bS]l
Job Cap oS WS Mol gyob (Sl (s gorgiwn S bl
Iy g dgee (b by > Bua @b Qb3S (GBk <)
asly bl s Bl SasSams GlEl) ohSen copu Bk ()l
Sl sl gbalS b p slagtsy 1 SIS <S> 5l S5l
Gl &S ol L [£] )5 iBed gy o Jlosl Cudgizms (g0 (6 5lwding
WS (o0 W95 g0 Slaa B)b (hg) cudgioe (g pod dyd Pl
Sl s g = SSlL8 gy 30 SIS ol il edlatal 1 JSuie S
OBk wiyeSl sl sl plSal bais (sl 6k cua 3 Pl o5l
5 S [Y] ohben g SO bhug S8l parass dlie
lailg) B L[] ey 0 5 (S5l o 5 [A] S 5 (5988 bowgs
S5 5o 50 0 00l dxwgd 5l ey 1Sl P 0315l dsloes (glyy (Julow
= Sl a8 Slgx (gt Gl (ool
Al o Cawd 4 (g — SOl Ulgs) She Slgs 5 g 0 plol il
B L e Y s L RUZCRE e
P9 2l b 9o e (Sle Slo o 4 (LS ) (L)
Do o dtwlS Aie Clon Cows 4y calg = SIS S35 5 8 > s
@ Lol cdso o dgu0 1) g = SU3 2l )Sen £ 0 )pl cpl 42 S
Cudlyis oy iSlo pl5 dlne o (SLSI (g5 gcane | (3L (Saomn s
295 ol sl b (350
s b ded (clbanass ool 2,8 0pd b [+ ] lapbsSsd
dnlos JS5 58 53 g2 gl S 93 (B 1SS i (s L)
> dai g ol 0,3 (sl bl Guse Sy 3l s sl S o
3 ookl b (£gemme 53 ¢ Jlgia 1,5 Ve BY) e 5,S5 )3 oel owd &
g = SO lan S ragd g il o Cuwd 4 SIS (gl
sk Slitie o Cawl (xd )1ST 0 d b ded awass I ol
(Sl ilodley 51 pm) ca 9> cnl 32 b Sl 3 Ban ol
Cqa Olys @ Wl il gyeS e Buie & (R 5 dmbxe
sl o8 cutly Hlsl g oo ulple Sed e Sl pay g2 g
ol Lo ot ygS 03135) 4y S8l LossS 5 05 Mol iy — G

o) Ve gt iyl cpl po sl aush oLl g -

14  Parallel Tangents (PARTAN)
15 Extreme Points
16 Line Search

ToaiiS o3liol ol 98 ol altus ) 2ge5 e 0dnsls [V ] 'Sl 5
oad ghuaserd [Y] T et Joo ol & silotinge Jae Sy 050 &
a5 b Slg5 o5 (gloniiS” oolitu] s c0aiS edlatwl Jalss Loyl > .ol
ol 0 ey eS8 date — e jaw loj 305 e dils S
b cal (908 Jao Jo plod «S815 panass aliue J> 1 jglate cllio
Lojls Jaig e Slalllas ) plao aSd (sl S 0bj)l &8 opl 4 a8
Jb o 2 g i p)lS calid g dll el diee ol S J>
el (5y98 dtne nl sl U gy e e
Wloas glae S95LsS slaiy) Sl pavass diws > Gl
25 el 2 JoleS Al o)l g5 aw 4 I jsb 4 oS
52 4 Cand 0lS Al slaen sl Wsd e G " g 4k
Nen 5 Uose > (Jg S (oo o3l (g8 dladls ) S0 g5
iy = SO pzsSl da oSl ) el Bl Sl gk
Blas o sl [¥] iy g <Sols Laogs 1l > i ysS)l el o
SO g 9 92 048 )] (s glacudgiome b pgd a2 )3 (s0)a0b
5 03,8 03l (oS gjloainge Jao S sl o 51 [¥] ol San
S b don jarass )l S bug Mgr e Car (oisSl ool 1SS
dpolons (Toillg: w)oSU) [V 29393 wends (B9 Lawgi el ojlil
Olez dplne (Sl 4 ol o0 wiygS ol Cangeme LY 1095 oo
25 o)l adsl sl ,S5 )5 ol Vb ol Sen e i g gt
o b R dinge Sl (S35 ) piyeS nl 2o E55 4y
(csled ol 3) Bum @l Lal)S b g2 g Ca 0 ol o e
> e 4 0] Cosl dige Slsn o 4T SIS05 S o e 3
S e L e N e e R S TP
Sl oS &) 53 oyl 45 [V0] Canl 5 sl iy — S5

Lgd o ygpe dabdl 3 aS Canl 03y S S Al

1 Traffic Assignment Problem (TAP)
2 User Equilibrium (UE) Law

3 Beckmann’s Model

4 Link-Based

5 Path-Based

6 Bush-Based

7

Frank-Wolfe (FW) Algorithm
Search Direction 8
9  All or Nothing (AON)
10  Step Size
11 Bisection Method
12 Bolzano Search
13 Zigzagging

YYY.



VYT LYYV dio VF ) Jlo & o)loud F 0,93 S sl lpos cwigen 4 s

kLSS 9> Slea b ggage 9> Ay = SSE )=l )3 g (LB 1SS
0975 g9y aallae b VY] S paid 5 o Selgn comimen 2580 9950
sl @go5e 9 iy = S w2)ol 3 )Shos (Piluwo 5 (siluplRine
018 e o o3l (gilwainy lp (oS ssrgwe plox]
rzpen [F] cwl (bl Sl 4y = SIS pn)sSll ol Sen
loplS 031351 (clallio b winy o) el 45 55,8 ols [VD] i 5 o
5 Cslying D9d e [Ken (ol (lailpd Cod i ond (e iy
Ll (s g2 g I ol (slapl ojluil el L[V ] ) San
i Ul A Sl G @ ily = SUS noS (ST5S05 <S>
= Sl caa W pae glp Ol (o9 ) gy ol g i ials
ol g — SOl o563l aliiio o] (odlgiiin v oSl el il
o Syl 5 )5 38 3 ST > g 8 ojlul & 5,8 ul b
(Cyoud 3D Dgb oo d9e N Ay (o iy Sl Laas gl b pe )3 00
05l pled 1 iS5 slog) am b 5 otnlS 015 Mol pI8 o5l 1
b oo aimgh cpl g so odlil (S5 o 3 iy = Sl ool p5
g JB oL Gliste slaaSid (g9) 295 (ool piyeS iale]
ks sy of
s oS L lagts oSl BW e 0l 2 (sl ¢S]
Gy S (o Jo Bypme 3 b e p ) Sl panass
Syl jide sl 3:85 ol @ beu, Xl opl 2l SKen
A g VL Bpae dibls (Ses > (Jy sl LS 4l
o slagss om (Cute gl ) JUb Gl oo Cledbl 5000 125
OS5 3 S il y3d whpesll sl Jobo 3 1) waie —
o2 i 105 g 00d 450 Ao — Me (slagg) (59) dliue ol )oS]
ol ot Jl slayas )3 0l sl I ©)50 4 diaile = i 2
g cn y9ye el )3 Loty o0l el n Fiwten S (B 29 S 255
lio <SG 5k 2 (jlopSige SiSS i aalimal b [WV] ) So g o
e |y Taale = lae by p Ay — U8 Pl 4 ey )oS)l Tnate -
bl iy = SUld w2 oSl (alSen £33 53 lodes Joou &S whinS
JU sl e & 008 dga0te (5055 e e yoSl cpl 1SS 2 p3 08
0a5 033 o Mg (S 45 dgrge Sl plod I lassecns 1))
Soslitl b alivwe 5y 5 0l @328 dualie — e oz 55, (<l

9 2 Origin-destination Based FW (ODBFW)

YYvy

@35 oSl b plsl b i (g, Lawgs (p5 o5l
S5 2 3 e85 a3 [N ] hlan g 00 Touds dg00me Jiliars
g dbd dgaome (golaad jl glasgeme Ciome Syl eolatwl b )
Ooglito LagssgS 58 wioSI L aizr iz 5l (Jg gl 0 Csd 4y 05 0,55
1), &) bgryo logy) oddh D (g bl dsgass a1l
3 dn Joli ason | b 55 3 o ) s i
ol Altuns S > 5l ok 05 gt bl g culps coglis yuagd
b ol ey ool e Casd 4 Toud sl (g by bawg
Olo il S5 (B 508 @ ol 0,30 (s bla dlus 5145 s S
sl (e 3 bl w4 1S5 (3ga0re SlasS > dliie Al
ol 04l dgae o 4 555 o )5Vl ol s g = S48
(W] 5 s lawes o i) 521681 005 04430 (gao dlads S Ladd (3]
bl cuze Sy oaS Gold pl b ccunl lowsioS's8 i yo3] ailine 5
S5 e bla ol don (gl o LB cla ] S5 )3 ool o 4y (g2
b S LSS a5 (S )b nl g oe 085 (SeS
9 oo PR (@ b den (anass | Jols) (ad gu> dal g (h355
e ORI 0)leds LEIEIL S nl (Si9 cups o5 Jb 5
9 5 g5 iy — Sl (slapiyyeS W] Syt 5 oo

2 13,8 &l g — Sls o9t Caa Mol Gua L 1) Tz go5e
Coz g b S S 5 L gl Cup gedpe g = SIS )
(e gz ) Ban @b "ol (1855 Jlai 3 (piran 5 S )15
b gt Caa @sore 50 iy = b o2yl ol s &
&b gl (B35 5la 3 g (LB 1SS 9> Sl g (b Cap Sy
"z350 oS gy 31 8,5 5 ot s 93 cal oal il oe w4y B
SbahS Gase S )5 5 LSS a5 g gl cas ol 0 &S wul [#]
@l 4 (LS LSS Gegue Cua g b dall 3 Ba ol
9> 42> b ) Wgd ggdie ob b Caz g0 ol & Wl Cund
b T2 35 095 (kB Sl b LSS 2 53 g
Cua b ggdie iy = LS ool S5 o 5 gl Cax (7]

Golden Section Method

Restricted Simplicial Decomposition (RSD)
Master Problem

Projected Newton

Conjugate FW (CFW)

Bi-conjugate FW (BFW)

Hessian

Conjugate Gradient

OO LB~ W~



YYYE B YYI docin VF ) Jlo & 0)loud OF 095 ¢S ool (ol pos suoie 4 5

oS 2 e wipsll nl 53 ad Sl [VF] 1Sl g e
s ol e plyis 4 olaS ol 2ol o) 4 03909 pl SS
Sbymws 3 Ol Silopine lp conomen Db 48)5 )
b9y bagi oo ol onds 4y 55 aliis s gy bes b e o o)
Jubs Lawgs ol ail)) o)l 9o J> oAl psal ies - and
sl gl ol 53l o b a1 150> (S V0]
O i loj Cyider SIS yows S by (b a0 il ol 4
295 O O s Olo (S b e & chualio o)y g (Bo: e 05
(bt pd dblae S o b JUST el Gljee 5 29800 Jithe o — e
sk Gag &S By Bl cal e s 4 (igigs gy by
[VFI1S5k pio i (g Cugh s 9 035 ST oy Jolas
2 Sl panass slaet sl (e (S & GuLl o)
cslalloo) askad 795 Sy 4 Ly b S ) W) sl g b
sl ol ol cunl aSs ) (29,00 05 93 G slge (B LS ]
oloj sl Jolaie yslaie 4 ol o slaadad oo by JUi] bl
sl ol )3 b b pled J315 yhw (yloj & g )3 el b yhu
[YV] oo g (o8 g dmlgd 41,35 55 oaiiS eoli] ol Lalyd ol )]
(e |y 4Bl d9u0 LU sl (bl w2yoS > (Sl Sl L
sl (Wl & G (60 (Ko Co o ()l g8 ] 208
S3lp3 g zgdye iy = S B bk ol z35e Slaa slapiy ol

By oo Cguame g = 2 Ol (et 952 29950 9> Ay =
oobsl 52 VW] et 5 Lol ye il o0l s nsf gjlomsley 50
olie S)i &b slp (o300 @l Gyl 55 g il @lye Sl gunled
Gl — S35 5 zadge il — (Sil5 clapis oSl a8 sl s SIS
Jobob 32 4) g = 3 el Mol plo 4 G z9350 93
g ediwyoo Vo slbd b plgx 4 (6508 Sl 4 (sl S5 olass
Laad) Wl S5 &l VT sl pii g 5aS ledd glp (slawlis
— Sl g gdge iy — SOl il — (Sl slari, oSy (glbuglio
S ol (Seao 8S cnsl 015 1)) )55 2 s s 9350 9 il
OSen 5 g adbe Gl (b (a3 gl olSen co g
@ Oy o polie Sp laasid > SleS alagl > (VA

6 2 Origin-Based Algorithm (OBA)

7 3 Projected Quasi-Newton

8 4 Traffic Assignment by Paired Alternative Segments
(TAPAS)

S s 9500 > Gppme sl G p Wy = SIS )
2 logke Mg ey Sojl oslatel b dae = ae slags) o JUb
slazas 59y e 4o SUST 93 g o0 pBRe piyoNI 1SS 52
e b SlapiysSll plo )3 Jlb glaje 5 g dalle — e
OblS ey 3l o o b DAL e g )5l 895 o0 plosil 53
o Ob ol 22 & S By (e wly 2 o) Todd g
b gl oo 4 (s 1 i s o b (gl poano Sl e = oo 2
5 o0sld S PRI V] by 5 )logS 9300 oasle ol 5l 205 s (o
2 ol ol )3 o8 20l Byl (6503 yome il g2 wygSI VA] )lSe
@ e 32 jhe Gloj Comlas wlul  dale = e 2 (o (6l oo
63lodizaS o2)sSI [V2 ] ) Kam g 53,0 (69 9 00 rasle ol b2
dado — 1o o) e by 4 Lol ey ) 5800 Jlgte
JEl 518 yaw loj b (sloypne 4 jhs Gloj cpyiiir b e 1,
TS b 4 (6)50 e il 2 e psN VY] e g (o5 e o
o1d 4355 Plua pj J> (ly Slarp (g, 5 o] > o8 ool )
iy Loy b gl Ubey ol dadee odlitsl Lade — lise (slogs;
o S VY] hlSon 5 03l3bls s (B yme Terg) ool > [YY]
b alzie o 50 ol 50 48 Slodld dnwgi poune w1l p Sl arass
2l ey ol 53 DB > Bl i (Lol g, Sl ealinl
g el gl degor 5 93 4 o Jlb olb jas 45 | s
@l D9dee 03 Sal ailyd Glajps cans Ao (gl
S wlie S5 caSid g9y 4l ol (LolS w255 ol 2]
@[] o) w)oSl 1 Sapw wipesl ool & ol Glis LM
Py (355 o ool
oarass Sl 16y 09,5 (b al » lapi,eXl
e slazg; sl 4 S8l anass dliuwe la] ) a8 dis Sl
S5 b a9 (ol 29800 4525 (oo L) abise (59 o —
bl )85 5 53 g 0 Sl ey (sl (Uoge) il g 4505 Sy
@ b S9) Sy 3 Gl e g 0ad (ilopline bty

wb oSl b 4 Ghg il w)sd) gl g oo oaibe)y Pl

* Column Generation

* Projected Gradient (PG)

3 Greedy

Linear User Cost Equilibrium (LUCE)
. Reduced Gradient (RG)

O R N O R S R

yyYyy



VYT LYYV dio VF ) Jlo & o)loud F 0,93 S sl lpos cwigen 4 s

(X)) i Gloj @b sl GlaS 5 (Gymmue ol o RS

2395 o 03wl el 33l byl s (ol 5 45 BPRY jaw loj b5 ]

t(x)=t" 1+o.15[ﬁ} v)

a

ool @ ST Jes b )L g, dlﬂ S oylej l“? Oi DS
égb'olamad.t(x):(ta(xa)) daslgy ol ) Capas Cas iced
Do oo iy pai a8y (loj (65l
(V) dlico pisylSel slaclys asseme X C RMI o 2
phaiie 0 os (V) diue lacodgize g ot ase b .ol
9 U”L z: X bR &« cul 6“019 ‘ta(xa)ebf OOy Awgn
092 oo Ml X e (g i (g9 dtsn pdigiis )l
)Jsojygmi%ﬂ (V) Al Bt 25 cans] dswjl.\:fl t,(x,)
He Jo (2 [¥] iy 5 S8 g iy — Sl 550
LSS 5wl oads &l s slacudgaste b pad dnyd (o550l y
2 Oygo & X, dai  gilo s Lz ol o)l opl on

W G )8

z,(x) » 2(x,) + Vz(x,) (x~x,) (v)

s el 3 s pB (sl (SOl slize 0 T isis))
X 5y 2, () &b Gilopasine b &l g2gcun Cpn s

950 plx

min z,, (x) (¥)
xeX

1 !Practical Capacity
2 2 Bureau of Public Roads (BPR)
3 3 Continuously Differentiable

yyYyy

whawlio dlis pl )d (plply Web o Hlub Vo7 glad L lss
9 @92y Ay = KB ik wdly = S5 sl )5 G peitns
FoS slad b ol @ (ol Sen Caopur a3l 9250 9 Ay - KO3
plnl oo Sas8 a5l Sy g plie S)p aSd Sy 5y V)
Sl LS )l e g )l ey alpd )3 braglie cpl 94 oo
z925e Slea a8l oy (plpls § 29800 pldl Loy oSl plos

Dilse gy cilg = S b 0,68l 4 Cuns )

— Sl oh Nl g SIS pawass Al s dge S Y
)
b (gilodings dius S Sl anass dliue (gly [Y] S Joo

Ded e o g Oyge

min z(x) = Z J. t,(wydw
aed (

s.t.
Z h, =D, Viel (1)
keK;
h, =20 VkeK, iel
X, =Z Z ho, VaeAd

iel keK;

gl by X =(x,) @ ols p» gbp X, ol oS
Ont s asgazme K@ oS jhs ooy &6 1, (X ) ¢SS
hy 0 sabe — e zoj o cob (Lol D) 0 sabe — e zo;
Srte O pipan Cool B @l Z(X) 5ok oo o b
g b gBly kb yume 69y @ oS ST ol SO L plp oSl o939
el yao plp Oy ol pE
b8 i ploj @l sla Sl ggemme byl (V) aline Sua 05
)l o)ldy b g ooladl sl b @b opl .l X Jol by j0
L (1) c3botinge alis 5l Joleo g (Si5bo ol S 1y a5y
el b alto gl ) Cadgioes [Y] sl oS odlizol Joles Loyl

) pow Codgie 5 (b (dgr la et byd pgd Cudgioe by



YYYE B YYI docin VF ) Jlo & 0)loud OF 095 ¢S ool (ol pos suoie 4 5

S e 1, =1, (X)) She pley by (g byi) ¥ el
ol 3 gn b o aeass Sy bl L Y, €X S5 Ul
Sygo 33 g S duwbxo (F) dayly 3o |) RGap aoly el £,
A8 sy RGap<e

A =y N =, s 3 (Al - S can o) TS

@ (0) e Jo 51 @ B ojlul (s sopgcun) ¥ ol
A yg] Cawd

X =%, + 0, ey )5 (sleplSia) 0 oS

.J.isﬁ“flfc\g.nzn-i‘l

T950 Sl Glaph NI -
Sl bl o a8 Wy — Sl w65 SlbMol iso ol )
g o Bl exlond zodje Loyd b zgde SuaSu b Jlgte s gune
9o iy = S5 e Ay — SUlE bk Jold L)l

s 9330

OBk el ) =Y

SIS &S Gl Gl Bgpme SN (S (UL b,
= SO 4 s (BN S ) ol sl iy = U3 05
Slgz) S5 50 3 g = SUlE Gl ] g 4 45 amd oo plosl il
S 900 S 3 Gyl B 1SS 93 )3 eal s 4y Sl L (e
Gl 258 pasize (QUsk ) Slg 93 ol Joly b 55y S @l
@ Sl U el GB)b Cap 53 pe Sl pS oIl s 9 ol B
sl [V] ohlan 5 SO siloy (Bl o dy 8l )55 5 )3 ol
9 292)S (Byme Sl Lanass dius sl 1) Bk w2)sSl L ol
el o ol Sen Copw (l58l Coge wiueNl cpl waly ol
Pyd e (g

Obok Sl gy~ S Ll csp Xy, 5V, S 0558
b ergcume S pbsl b X gde Sl il 1SS

P P _ P
:J.gldo w.)Ag£dn —Vn _xn_l ‘ub)b ).) anl )l u_BLol

min z(x,, +pd,) v)
0<p< o

me
n

S (SaS gz goasoals oLis 1 b ggh s altews Sl
B 9w Cha (SwS Olox ol il ooliwl b 0gd o 0000l calg —
s dngi gde o3 8 d =y N =X Ll iy - S
Br sl g b ser jarass b i b Polee (¥) (hd dlis o oS
a1, = (1, (X)) 2ib sl jas o

2 b gt S plxl iy — 3 )l 3 (o o6
DS Oyle 4wl Xy i Sl (8L Gl iy = SIS
i g X, Jeoly b 59y Z(X) (ilopesice opiie S dlius
g Jo ¥, oS

- FW
+
min z(x, +ad,”) (0)

s & (F) s @) Olsn el S o 5 il @ o o oS
X=X, +a,dY L Ol CBal (ly ang p5 o)l
@ Pl glbs & By U sl SIS w)psNll 9o eolil
23l o)l eoplply sl Jgd BB clodgste p3 oel cowd
CS > Cap dulme ol dadls > [A | Jsbo b by 95 (s3lweysd
ol

) o3lizal 5 iy — S5 oSl (sl ik i Log
Oley IS o N o BISS wgu oo o3litul dlie oyl 5 aS a8y by
sl Y, (S8 Qlsz )3 yh o JS 9 X, eb Ol )3 s

(xn _yrlz:w)Ttn

RGap = 7,
n-n

slad 355 S035 yio 4 42 0 9 0<SRGap<] cul moly
Db oo FSedj odliS oalistul ol Clge 4y g 4Bl il Ol

gd e oM 5 sk 4 g = U3 oSl slapls

8 bl £ >0 Se o8 ltelsse (ads] Clg ) ) p5
gt bl 1 st b ded st Sy plol b1y X €X adsl Ulss

..\;.tb))bﬂ n=1 ).3‘).; I)JI)SJD)L)JB .\ul.ufn :tn(O) dl!b).d.w uLo)

1 !'Relative Gap (RGap)

YYY¥



VYT LYYV dio VF ) Jlo & o)loud F 0,93 S sl lpos cwigen 4 s

) zgo5e Ay = STLE o) SUN [WW] Spuid 5 gl e el pgd a2
W3S (Byme SBly panass dliwa Jo sl 05 0 @
NS 5 ggdse Ay = Sl el Gl X, 0S8 (1258

2 0,y pB ol (Jas goxgcin S by o5 () JS) cul

CFW CFW
dn 1

ol b (gg030 g = Sl b ) T8 TX e

ool Cowd 4 (zg350 iy — SSl3 Clgs) Sf_FlW eX ooyl

CFW CFW - “ & -
dn :Sn —xn x»u.egsrg.u)ﬂ1u:]).)w|

dais 3 2 G ol H, les & cs d 01 cagn b oS 59 0

n-1

. . 2

FW CFW . CFW
Vo €X 58,7 comecSpplppiopens, " €X

g oo Sl (X, abi 3 iy — Siljb SaS s

O Syeb

SV = s +(1- )y, 0<8,<1 ®)
L’j )345
677‘ HdFW
B, = = (V)

danlHn (anW - d_nfl)

a, o5 55l gaySlo sl kel d,_ =Y —x

s25 (V) ala 390 )3 JSiio a2z el V il aoan 5,7 g 3
Bl 5l el p3Y o . BB, €[0,1] wasls aisls wb ccanss )l
cor g 8, =8 Cpso ol 3 s s ozl B, =1
B9) 293 sho plp S e STl 3 el d2g 4 g
d,™ =d)Y slble Gl (asl @, =1 Moo &Sm0 ¢,
dee 4 D, gN, iy L ogde bl (B, =0 )k 4 L)

Dyde o ) Cope B, 1) Ay ge 5 g0

Nn

Ny if D, #0 and 6[0,1—5]
Dn Dn
B, = (")

1-6 ifD,#0and g” >1-0

0 otherwise

YyYvo

Clsz spilel bis gl waiSlo o ojlsl 0, ] 2 &S

12085 320315 12,980 (ol (ol el Xy ZX g+ P
OhlSer 5 SISl Loyl (g elabls )3 [A | Jsb b 5 er
a5l 2l 11 J5) S50 55 DI s el e o 5o 3 V]
b lelaly o 21 oS s9a0 by 655515 0 L[A] oyl
Cly 9 5 WSis) g 53l &yl LS5 ol a3 AIS )Ll duaslxa (o,
S)go 4 Sae OV plod (s g lp |y (bo daly cpl [A]

100 press 5 bl

1
n P >1
1—<1—an_1>(1—a,,)[1—p:;;_ j
pn = p”’l _1 (A)
1

P =1
1-(1-a, )1-a,)p,, 1

e pj b 4 QUL e sl slapls

e plodil 1y calg = SSlL8 o2 oSN p8 s(adgl Glga cpuns) V g5

b pbsl |y clg = Sl o oSN Y 56 o(idys b i) ¥ pl8

g = SO )Y B oWy = SIS Cue ) Ve
Ve Pl?u‘

@ (0) diwe > 51y @, e ojlul (b5h cas us) ¥ o8
i <2 Sy, =x, ta,d " s )5 s syl e
Ay LGS S Y S w s n=n+l X, [ =V, s
dr:) :vn _xn—l

o3l 5 A) alasly 5l odlaral L1y, P (s (gg2gcane) B o
gl oo 4 (V) e o | 0,

P " - -

X4l :xn—l+pndn D )1)5 (d)L“’F&"Q’) Fel
.&5){Yf=l§ag9n:n+l

T9d5e g = S 2ol Y Y
Sl Plasdse 0bdlS (o) 5l (owesd 9950 Ay = S5 (b,
> olgice ) g9 QLIS wal Cudgie (g (siluaiy Sl J>
aiye sbagby) g (g = SLE o) Jgl 4o slagdey o (daws
@hSen 4 (it Co g B9y cnl 0355 25 jeal siluaie pod
olizie Glubre logile jl Gl Jls oy > 5 iy = S8 o)



YYYE B YYI docin VF ) Jlo & 0)loud OF 095 ¢S ool (ol pos suoie 4 5

FW

CFwW
n-1

. CFW
SH

FW

T92 50 Mg — 158 oh yoN )3 929 Comar S (e ) SIS

Fig. 1. Determining the search direction in the CFW algorithm
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Table 1. Specifications of the test networks
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Fig. 4. Chicago test network
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Fig. 5. Convergence rate of FW, PARTAN, CFW and BFW algorithms for Chicago network
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Table 2. Results of FW, PARTAN, CFW and BFW algorithms to different precisions for Chicago network
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Table 3. Required memory of the studied algorithms for Chicago network (MB)
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Table 4. Relative number of iterations of the studied algorithms to the precision of 10-5 for Chicago and Sioux
Falls networks
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