
Amirkabir Journal of Civil Engineering

Amirkabir J. Civil Eng., 52(1) (2020) 55-58
DOI: ﻿ 10.22060/ceej.2018.14682.5719
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ABSTRACT: Unlike previous studies in Non-Newtonian fluids that use complex two-dimensional models 
to calculate the velocity gradient in this research, one-dimensional models have been used to calculate Non-
Newtonian losses that can be implemented faster and have higher execution speeds. The main objective of 
this research is to study the phenomenon of water hammer in Non-Newtonian fluids of power type (Power 
Law) using Brunon and Zeilke models. In order to calculate the shear stress in relation to the momentum of 
the Zeilke and Brunon model, and to solve the equations, the line characteristics of the nonlinear fluid solution 
have been used. The Brunon model is based on the assumption that the shear stress of the wall changes 
due to the acceleration of the acceleration, proportional to the acceleration of the fluid. Zilck’s method for 
calculating the unsteady friction coefficient presents a model based on the analytic integral of convolution. 
The velocity gradient in the steady state is used to obtain the velocity gradient in the Zeilke model. Finally, 
numerical results are compared with the results of another research to ensure the accuracy of the solution 
algorithm. The results of Non-Newtonian fluid modeling show significant changes in pressure values. The 
proposed formulas, similar to the two-dimensional models, can simulate these changes. As expected in the 
same continuous flow conditions, the maximum pressure decreases with decreasing viscosity of the fluid. In 
other words, by decreasing the viscosity of the fluid, the amount of drops across the pipe path will be reduced. 
According to expectations in the steady flow conditions, the maximum error in the maximum pressure at 
the valve location is about one percent higher than the two-dimensional state, which, with a decrease in the 
viscosity of the fluid, causes this error to be close to zero.

Review History:

Received: 7/5/2018
Revised: 8/2/2018
Accepted: 8/2/2018
Available Online: 8/25/2018

Keywords:

Water Hammer 

Unsteady Friction 

Zeilke Model 

Brunon Model 

Fluid Model of Power law

55

*Corresponding author’s email: keramat.alireza@gmail.com

                                  Copyrights for this article are retained by the author(s) with publishing rights granted to Amirkabir University Press. The content of this article                                                  
                                 is subject to the terms and conditions of the Creative Commons Attribution 4.0 International (CC-BY-NC 4.0) License. For more information, 
please visit https://www.creativecommons.org/licenses/by-nc/4.0/legalcode.

1. INTRODUCTION
Pressure surges are commonly encountered in both 

natural and engineering systems, such as oil transportation 
and human arterial networks. Precise simulation of these 
transients needs to elaborate on unsteady friction modeling. 
The most prominent research in the field of unsteady friction 
in Newtonian fluids is Zeilke’s analytical article [1] where he 
obtained analytical relations to handle this phenomenon. 
Brunone et al. [2] adopted an additional term including a K 
factor to simulate the local momentum. The factor is effectively 
calibrated by Pezzinga [3]. Vardy and Brown [4] have been 
performed significant contributions to non-Newtonian 
unsteady pipe-flows especially modeling fluids with time-
dependent viscosities. More recently, Wahba [5] compared 
shear-thinning and shear-ticking fluids in response to a fluid 
hammer event using the power-law model. Subsequently, 
Majd et al. [6] investigated power-law and Cross fluids. 

2. GOVERNING EQUATIONS
2.1. Transient flow

The momentum and continuity equations in the following 
form are used in this research [7].
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where Q  is volumetric flowrate, H  is the piezometric 
head, t  is time, z  is the distance along the pipe centerline, 
g  is gravitational acceleration, D  is inside pipe diameter, 
A  is a cross-sectional flow area, a  is wave speed of the fluid 

and  τ  is shear stress at pipe wall comprised from unsteady 
component uτ  (to be quantified later) and steady component 

sτ :
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in which, 𝑳𝑳 is pipe length, 𝝀𝝀 is Darcy–Weisbach 
friction factor to be computed for laminar flows as: 

𝝀𝝀 = 𝐑𝐑𝐑𝐑
𝟔𝟔𝟔𝟔                                                                            (4) 

in which, 𝑹𝑹𝑹𝑹 Reynolds number. Eq.s (3) and (4) are 
valid for Newtonian fluids. Chhabra and Richardson [8] 
derived 𝝉𝝉𝒔𝒔 the relation for non-Newtonian fluids: 
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in which m and n are constants of the power-law fluid. 
 
2.2. Unsteady friction in Newtonian fluids 

2.2.1. Zeilke model 
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in which 𝜗𝜗 is kinematic viscosity. Assuming linear 
unsteady friction, Zeilke [1] derived this weight function 
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sign(𝑉𝑉) [2]:  

(8)                                     𝜏𝜏𝑢𝑢 = 𝐾𝐾𝐾𝐾
𝑉𝑉|𝑉𝑉| [𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕 + 𝑎𝑎 sign(𝑉𝑉)| 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 |] 

𝐾𝐾 = √𝐶𝐶∗

2 . 𝐶𝐶∗

= {
0.00476                    Re ≤ 2300 

7.41
Relog(14.3Re−0.05)        Re > 2300              (9) 

 
2.3. Non-Newtonian power-law fluid  

Among the wide range of non-Newtonian liquids, a type 
of time-independent ones namely power-law fluids are 
considered [8]. In this type of fluids, the fluid dynamic 
viscosity 𝜼𝜼 is related to the velocity gradient 𝒅𝒅𝑽𝑽𝒛𝒛/𝒅𝒅𝒅𝒅 by 
means of two specified coefficients m and n: 

𝜼𝜼 = 𝒎𝒎(𝒅𝒅𝑽𝑽𝒛𝒛
𝒅𝒅𝒅𝒅 )𝒏𝒏−𝟏𝟏 = 𝒎𝒎(𝜸̇𝜸)𝒏𝒏−𝟏𝟏                                   (10)  

where r stands for radial direction and 𝑽𝑽𝒛𝒛 = 𝑽𝑽𝒛𝒛(𝒓𝒓)  
denotes the cross-sectional velocity profile. 

2.4. Unsteady friction in non-Newtonian fluids 
2.4.1. Brunsone's model 

To implement this model, the coefficient K in Eq. (8) is 
fundamental. To account for non-Newtonian fluids in this 
equation, Reynolds number (Re) has to be accordingly 
defined [10]: 

𝐑𝐑𝐑𝐑 = 𝟖𝟖𝟖𝟖𝑽𝑽𝟐𝟐−𝒏𝒏𝑫𝑫𝒏𝒏

𝒎𝒎(𝟔𝟔+𝟐𝟐/𝒏𝒏)𝒏𝒏                                                        (11)  

Using Eq. (11),  𝐶𝐶∗ in Eq. (9) is found in Brunone’s 
model: 

𝐶𝐶∗ = 0.015 (0.28𝜌𝜌𝑉𝑉1−𝑛𝑛𝐷𝐷𝑛𝑛

𝑚𝑚(6+2/𝑛𝑛)𝑛𝑛
√𝑚𝑚(8𝑉𝑉

𝐷𝐷 (3𝑛𝑛+1
4𝑛𝑛 ))𝑛𝑛

𝜌𝜌 )                    (12)   

                                                                   �    (3)

in which,  L  is pipe length,

 

1. Introduction 
Pressure surges are commonly encountered in both 

natural and engineering systems, such as oil transportation 
and human arterial networks. Precise simulation of these 
transients needs to elaborate on unsteady friction modeling. 
The most prominent research in the field of unsteady 
friction in Newtonian fluids is Zeilke's analytical article [1] 
where he obtained analytical relations to handle this 
phenomenon. Brunone et al. [2] adopted an additional term 
including a K factor to simulate the local momentum. The 
factor is effectively calibrated by Pezzinga [3]. Vardy and 
Brown [4] have been performed significant contributions to 
non-Newtonian unsteady pipe-flows especially modeling 
fluids with time-dependent viscosities. More recently, 
Wahba [5] compared shear-thinning and shear-ticking 
fluids in response to a fluid hammer event using the power-
law model. Subsequently, Majd et al. [6] investigated 
power-law and Cross fluids.  

 
2. Governing equations 
2.1. Transient flow 

The momentum and continuity equations in the 
following form are used in this research [7]. 

(1)                     , 𝜏𝜏 = 𝜏𝜏𝑠𝑠 + 𝜏𝜏𝑢𝑢    𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 + 1

𝑔𝑔𝑔𝑔
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 + 𝜏𝜏 𝑄𝑄|𝑄𝑄|

2𝐷𝐷𝐷𝐷𝐴𝐴2 = 0   

(2)                                                                𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 + 𝑎𝑎2

𝑔𝑔𝑔𝑔
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = 0 

where 𝑄𝑄 is volumetric flowrate, 𝐻𝐻 is the piezometric 
head, 𝑡𝑡 is time, 𝑧𝑧 is the distance along the pipe centerline, 
𝑔𝑔 is gravitational acceleration, 𝐷𝐷 is inside pipe diameter, 𝐴𝐴 
is a cross-sectional flow area, 𝑎𝑎 is wave speed of the fluid 
and 𝜏𝜏 is shear stress at pipe wall comprised from unsteady 
component 𝜏𝜏𝑢𝑢 (to be quantified later) and steady 
component 𝜏𝜏𝑠𝑠: 

𝝉𝝉𝒔𝒔 = 𝝀𝝀 𝑳𝑳
𝑫𝑫

𝑽𝑽𝟐𝟐

𝟐𝟐𝟐𝟐                                                                      (3) 

in which, 𝑳𝑳 is pipe length, 𝝀𝝀 is Darcy–Weisbach 
friction factor to be computed for laminar flows as: 

𝝀𝝀 = 𝐑𝐑𝐑𝐑
𝟔𝟔𝟔𝟔                                                                            (4) 

in which, 𝑹𝑹𝑹𝑹 Reynolds number. Eq.s (3) and (4) are 
valid for Newtonian fluids. Chhabra and Richardson [8] 
derived 𝝉𝝉𝒔𝒔 the relation for non-Newtonian fluids: 

 𝜏𝜏𝑠𝑠 = 𝑚𝑚 (8𝑉𝑉
𝐷𝐷 (3𝑛𝑛+1

4𝑛𝑛 ))
𝑛𝑛

                                                    (5) 

in which m and n are constants of the power-law fluid. 
 
2.2. Unsteady friction in Newtonian fluids 

2.2.1. Zeilke model 
The unsteady component 𝜏𝜏𝑢𝑢 in Eq. (1) is found by:  

(6)                                   𝜏𝜏𝑢𝑢 = 32𝜗𝜗𝜗𝜗
𝐷𝐷𝐷𝐷|𝑄𝑄| ∫ 𝜕𝜕𝜕𝜕

𝜕𝜕𝑡𝑡∗ 𝑊𝑊(𝑡𝑡 − 𝑡𝑡∗)𝑑𝑑𝑡𝑡∗𝑡𝑡
0 

in which 𝜗𝜗 is kinematic viscosity. Assuming linear 
unsteady friction, Zeilke [1] derived this weight function 

 𝑊𝑊(𝜏𝜏∗) = 𝐴𝐴∗e−𝜏𝜏∗
𝐶𝐶∗

√𝜏𝜏∗  ,  𝜏𝜏∗ = 4𝜗𝜗𝜗𝜗/𝐷𝐷2                                     (7) 

where 𝐴𝐴∗ and 𝐶𝐶∗ are constants in laminar flows [9]. 

2.2.2. Brunsone's model 
In this model 𝜏𝜏𝑢𝑢 depends on the time and spatial 

derivative of fluid velocity 𝑉𝑉 as well as flow direction 
sign(𝑉𝑉) [2]:  

(8)                                     𝜏𝜏𝑢𝑢 = 𝐾𝐾𝐾𝐾
𝑉𝑉|𝑉𝑉| [𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕 + 𝑎𝑎 sign(𝑉𝑉)| 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 |] 

𝐾𝐾 = √𝐶𝐶∗

2 . 𝐶𝐶∗

= {
0.00476                    Re ≤ 2300 

7.41
Relog(14.3Re−0.05)        Re > 2300              (9) 

 
2.3. Non-Newtonian power-law fluid  

Among the wide range of non-Newtonian liquids, a type 
of time-independent ones namely power-law fluids are 
considered [8]. In this type of fluids, the fluid dynamic 
viscosity 𝜼𝜼 is related to the velocity gradient 𝒅𝒅𝑽𝑽𝒛𝒛/𝒅𝒅𝒅𝒅 by 
means of two specified coefficients m and n: 

𝜼𝜼 = 𝒎𝒎(𝒅𝒅𝑽𝑽𝒛𝒛
𝒅𝒅𝒅𝒅 )𝒏𝒏−𝟏𝟏 = 𝒎𝒎(𝜸̇𝜸)𝒏𝒏−𝟏𝟏                                   (10)  

where r stands for radial direction and 𝑽𝑽𝒛𝒛 = 𝑽𝑽𝒛𝒛(𝒓𝒓)  
denotes the cross-sectional velocity profile. 

2.4. Unsteady friction in non-Newtonian fluids 
2.4.1. Brunsone's model 

To implement this model, the coefficient K in Eq. (8) is 
fundamental. To account for non-Newtonian fluids in this 
equation, Reynolds number (Re) has to be accordingly 
defined [10]: 

𝐑𝐑𝐑𝐑 = 𝟖𝟖𝟖𝟖𝑽𝑽𝟐𝟐−𝒏𝒏𝑫𝑫𝒏𝒏

𝒎𝒎(𝟔𝟔+𝟐𝟐/𝒏𝒏)𝒏𝒏                                                        (11)  

Using Eq. (11),  𝐶𝐶∗ in Eq. (9) is found in Brunone’s 
model: 

𝐶𝐶∗ = 0.015 (0.28𝜌𝜌𝑉𝑉1−𝑛𝑛𝐷𝐷𝑛𝑛

𝑚𝑚(6+2/𝑛𝑛)𝑛𝑛
√𝑚𝑚(8𝑉𝑉

𝐷𝐷 (3𝑛𝑛+1
4𝑛𝑛 ))𝑛𝑛

𝜌𝜌 )                    (12)   

 is Darcy–Weisbach friction 
factor to be computed for laminar flows as:

 

1. Introduction 
Pressure surges are commonly encountered in both 

natural and engineering systems, such as oil transportation 
and human arterial networks. Precise simulation of these 
transients needs to elaborate on unsteady friction modeling. 
The most prominent research in the field of unsteady 
friction in Newtonian fluids is Zeilke's analytical article [1] 
where he obtained analytical relations to handle this 
phenomenon. Brunone et al. [2] adopted an additional term 
including a K factor to simulate the local momentum. The 
factor is effectively calibrated by Pezzinga [3]. Vardy and 
Brown [4] have been performed significant contributions to 
non-Newtonian unsteady pipe-flows especially modeling 
fluids with time-dependent viscosities. More recently, 
Wahba [5] compared shear-thinning and shear-ticking 
fluids in response to a fluid hammer event using the power-
law model. Subsequently, Majd et al. [6] investigated 
power-law and Cross fluids.  

 
2. Governing equations 
2.1. Transient flow 

The momentum and continuity equations in the 
following form are used in this research [7]. 

(1)                     , 𝜏𝜏 = 𝜏𝜏𝑠𝑠 + 𝜏𝜏𝑢𝑢    𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 + 1

𝑔𝑔𝑔𝑔
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 + 𝜏𝜏 𝑄𝑄|𝑄𝑄|

2𝐷𝐷𝐷𝐷𝐴𝐴2 = 0   

(2)                                                                𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 + 𝑎𝑎2

𝑔𝑔𝑔𝑔
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = 0 

where 𝑄𝑄 is volumetric flowrate, 𝐻𝐻 is the piezometric 
head, 𝑡𝑡 is time, 𝑧𝑧 is the distance along the pipe centerline, 
𝑔𝑔 is gravitational acceleration, 𝐷𝐷 is inside pipe diameter, 𝐴𝐴 
is a cross-sectional flow area, 𝑎𝑎 is wave speed of the fluid 
and 𝜏𝜏 is shear stress at pipe wall comprised from unsteady 
component 𝜏𝜏𝑢𝑢 (to be quantified later) and steady 
component 𝜏𝜏𝑠𝑠: 

𝝉𝝉𝒔𝒔 = 𝝀𝝀 𝑳𝑳
𝑫𝑫

𝑽𝑽𝟐𝟐

𝟐𝟐𝟐𝟐                                                                      (3) 

in which, 𝑳𝑳 is pipe length, 𝝀𝝀 is Darcy–Weisbach 
friction factor to be computed for laminar flows as: 

𝝀𝝀 = 𝐑𝐑𝐑𝐑
𝟔𝟔𝟔𝟔                                                                            (4) 

in which, 𝑹𝑹𝑹𝑹 Reynolds number. Eq.s (3) and (4) are 
valid for Newtonian fluids. Chhabra and Richardson [8] 
derived 𝝉𝝉𝒔𝒔 the relation for non-Newtonian fluids: 

 𝜏𝜏𝑠𝑠 = 𝑚𝑚 (8𝑉𝑉
𝐷𝐷 (3𝑛𝑛+1

4𝑛𝑛 ))
𝑛𝑛

                                                    (5) 

in which m and n are constants of the power-law fluid. 
 
2.2. Unsteady friction in Newtonian fluids 

2.2.1. Zeilke model 
The unsteady component 𝜏𝜏𝑢𝑢 in Eq. (1) is found by:  

(6)                                   𝜏𝜏𝑢𝑢 = 32𝜗𝜗𝜗𝜗
𝐷𝐷𝐷𝐷|𝑄𝑄| ∫ 𝜕𝜕𝜕𝜕

𝜕𝜕𝑡𝑡∗ 𝑊𝑊(𝑡𝑡 − 𝑡𝑡∗)𝑑𝑑𝑡𝑡∗𝑡𝑡
0 

in which 𝜗𝜗 is kinematic viscosity. Assuming linear 
unsteady friction, Zeilke [1] derived this weight function 

 𝑊𝑊(𝜏𝜏∗) = 𝐴𝐴∗e−𝜏𝜏∗
𝐶𝐶∗

√𝜏𝜏∗  ,  𝜏𝜏∗ = 4𝜗𝜗𝜗𝜗/𝐷𝐷2                                     (7) 

where 𝐴𝐴∗ and 𝐶𝐶∗ are constants in laminar flows [9]. 

2.2.2. Brunsone's model 
In this model 𝜏𝜏𝑢𝑢 depends on the time and spatial 

derivative of fluid velocity 𝑉𝑉 as well as flow direction 
sign(𝑉𝑉) [2]:  

(8)                                     𝜏𝜏𝑢𝑢 = 𝐾𝐾𝐾𝐾
𝑉𝑉|𝑉𝑉| [𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕 + 𝑎𝑎 sign(𝑉𝑉)| 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 |] 

𝐾𝐾 = √𝐶𝐶∗

2 . 𝐶𝐶∗

= {
0.00476                    Re ≤ 2300 

7.41
Relog(14.3Re−0.05)        Re > 2300              (9) 

 
2.3. Non-Newtonian power-law fluid  

Among the wide range of non-Newtonian liquids, a type 
of time-independent ones namely power-law fluids are 
considered [8]. In this type of fluids, the fluid dynamic 
viscosity 𝜼𝜼 is related to the velocity gradient 𝒅𝒅𝑽𝑽𝒛𝒛/𝒅𝒅𝒅𝒅 by 
means of two specified coefficients m and n: 

𝜼𝜼 = 𝒎𝒎(𝒅𝒅𝑽𝑽𝒛𝒛
𝒅𝒅𝒅𝒅 )𝒏𝒏−𝟏𝟏 = 𝒎𝒎(𝜸̇𝜸)𝒏𝒏−𝟏𝟏                                   (10)  

where r stands for radial direction and 𝑽𝑽𝒛𝒛 = 𝑽𝑽𝒛𝒛(𝒓𝒓)  
denotes the cross-sectional velocity profile. 

2.4. Unsteady friction in non-Newtonian fluids 
2.4.1. Brunsone's model 

To implement this model, the coefficient K in Eq. (8) is 
fundamental. To account for non-Newtonian fluids in this 
equation, Reynolds number (Re) has to be accordingly 
defined [10]: 

𝐑𝐑𝐑𝐑 = 𝟖𝟖𝟖𝟖𝑽𝑽𝟐𝟐−𝒏𝒏𝑫𝑫𝒏𝒏

𝒎𝒎(𝟔𝟔+𝟐𝟐/𝒏𝒏)𝒏𝒏                                                        (11)  

Using Eq. (11),  𝐶𝐶∗ in Eq. (9) is found in Brunone’s 
model: 

𝐶𝐶∗ = 0.015 (0.28𝜌𝜌𝑉𝑉1−𝑛𝑛𝐷𝐷𝑛𝑛

𝑚𝑚(6+2/𝑛𝑛)𝑛𝑛
√𝑚𝑚(8𝑉𝑉

𝐷𝐷 (3𝑛𝑛+1
4𝑛𝑛 ))𝑛𝑛

𝜌𝜌 )                    (12)   

                                                                �            (4)



A. Khamoshi et al. , Amirkabir J. Civil Eng., 52(1) (2020) 55-58, DOI: ﻿ 10.22060/ceej.2018.14682.5719

56

in which, Re  Reynolds number. Eq.s (3) and (4) are valid 
for Newtonian fluids. Chhabra and Richardson [8] derived 
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in which m and n are constants of the power-law fluid.
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2.3. Non-Newtonian power-law fluid 
Among the wide range of non-Newtonian liquids, a 

type of time-independent ones namely power-law fluids 
are considered [8]. In this type of fluids, the fluid dynamic 
viscosity ç  is related to the velocity gradient /zdV dr  by 
means of two specified coefficients m and n:
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where r stands for radial direction and ( )=z zV V r   
denotes the cross-sectional velocity profile.

2.4. Unsteady friction in non-Newtonian fluids
2.4.1. Brunsone’s model

To implement this model, the coefficient K in Eq. (8) 
is fundamental. To account for non-Newtonian fluids in 
this equation, Reynolds number (Re) has to be accordingly 
defined [10]:

 

1. Introduction 
Pressure surges are commonly encountered in both 

natural and engineering systems, such as oil transportation 
and human arterial networks. Precise simulation of these 
transients needs to elaborate on unsteady friction modeling. 
The most prominent research in the field of unsteady 
friction in Newtonian fluids is Zeilke's analytical article [1] 
where he obtained analytical relations to handle this 
phenomenon. Brunone et al. [2] adopted an additional term 
including a K factor to simulate the local momentum. The 
factor is effectively calibrated by Pezzinga [3]. Vardy and 
Brown [4] have been performed significant contributions to 
non-Newtonian unsteady pipe-flows especially modeling 
fluids with time-dependent viscosities. More recently, 
Wahba [5] compared shear-thinning and shear-ticking 
fluids in response to a fluid hammer event using the power-
law model. Subsequently, Majd et al. [6] investigated 
power-law and Cross fluids.  

 
2. Governing equations 
2.1. Transient flow 

The momentum and continuity equations in the 
following form are used in this research [7]. 

(1)                     , 𝜏𝜏 = 𝜏𝜏𝑠𝑠 + 𝜏𝜏𝑢𝑢    𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 + 1

𝑔𝑔𝑔𝑔
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 + 𝜏𝜏 𝑄𝑄|𝑄𝑄|

2𝐷𝐷𝐷𝐷𝐴𝐴2 = 0   

(2)                                                                𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 + 𝑎𝑎2

𝑔𝑔𝑔𝑔
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = 0 

where 𝑄𝑄 is volumetric flowrate, 𝐻𝐻 is the piezometric 
head, 𝑡𝑡 is time, 𝑧𝑧 is the distance along the pipe centerline, 
𝑔𝑔 is gravitational acceleration, 𝐷𝐷 is inside pipe diameter, 𝐴𝐴 
is a cross-sectional flow area, 𝑎𝑎 is wave speed of the fluid 
and 𝜏𝜏 is shear stress at pipe wall comprised from unsteady 
component 𝜏𝜏𝑢𝑢 (to be quantified later) and steady 
component 𝜏𝜏𝑠𝑠: 

𝝉𝝉𝒔𝒔 = 𝝀𝝀 𝑳𝑳
𝑫𝑫

𝑽𝑽𝟐𝟐

𝟐𝟐𝟐𝟐                                                                      (3) 

in which, 𝑳𝑳 is pipe length, 𝝀𝝀 is Darcy–Weisbach 
friction factor to be computed for laminar flows as: 

𝝀𝝀 = 𝐑𝐑𝐑𝐑
𝟔𝟔𝟔𝟔                                                                            (4) 

in which, 𝑹𝑹𝑹𝑹 Reynolds number. Eq.s (3) and (4) are 
valid for Newtonian fluids. Chhabra and Richardson [8] 
derived 𝝉𝝉𝒔𝒔 the relation for non-Newtonian fluids: 

 𝜏𝜏𝑠𝑠 = 𝑚𝑚 (8𝑉𝑉
𝐷𝐷 (3𝑛𝑛+1

4𝑛𝑛 ))
𝑛𝑛

                                                    (5) 

in which m and n are constants of the power-law fluid. 
 
2.2. Unsteady friction in Newtonian fluids 

2.2.1. Zeilke model 
The unsteady component 𝜏𝜏𝑢𝑢 in Eq. (1) is found by:  

(6)                                   𝜏𝜏𝑢𝑢 = 32𝜗𝜗𝜗𝜗
𝐷𝐷𝐷𝐷|𝑄𝑄| ∫ 𝜕𝜕𝜕𝜕

𝜕𝜕𝑡𝑡∗ 𝑊𝑊(𝑡𝑡 − 𝑡𝑡∗)𝑑𝑑𝑡𝑡∗𝑡𝑡
0 

in which 𝜗𝜗 is kinematic viscosity. Assuming linear 
unsteady friction, Zeilke [1] derived this weight function 

 𝑊𝑊(𝜏𝜏∗) = 𝐴𝐴∗e−𝜏𝜏∗
𝐶𝐶∗

√𝜏𝜏∗  ,  𝜏𝜏∗ = 4𝜗𝜗𝜗𝜗/𝐷𝐷2                                     (7) 

where 𝐴𝐴∗ and 𝐶𝐶∗ are constants in laminar flows [9]. 

2.2.2. Brunsone's model 
In this model 𝜏𝜏𝑢𝑢 depends on the time and spatial 

derivative of fluid velocity 𝑉𝑉 as well as flow direction 
sign(𝑉𝑉) [2]:  

(8)                                     𝜏𝜏𝑢𝑢 = 𝐾𝐾𝐾𝐾
𝑉𝑉|𝑉𝑉| [𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕 + 𝑎𝑎 sign(𝑉𝑉)| 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 |] 

𝐾𝐾 = √𝐶𝐶∗

2 . 𝐶𝐶∗

= {
0.00476                    Re ≤ 2300 

7.41
Relog(14.3Re−0.05)        Re > 2300              (9) 

 
2.3. Non-Newtonian power-law fluid  

Among the wide range of non-Newtonian liquids, a type 
of time-independent ones namely power-law fluids are 
considered [8]. In this type of fluids, the fluid dynamic 
viscosity 𝜼𝜼 is related to the velocity gradient 𝒅𝒅𝑽𝑽𝒛𝒛/𝒅𝒅𝒅𝒅 by 
means of two specified coefficients m and n: 

𝜼𝜼 = 𝒎𝒎(𝒅𝒅𝑽𝑽𝒛𝒛
𝒅𝒅𝒅𝒅 )𝒏𝒏−𝟏𝟏 = 𝒎𝒎(𝜸̇𝜸)𝒏𝒏−𝟏𝟏                                   (10)  

where r stands for radial direction and 𝑽𝑽𝒛𝒛 = 𝑽𝑽𝒛𝒛(𝒓𝒓)  
denotes the cross-sectional velocity profile. 

2.4. Unsteady friction in non-Newtonian fluids 
2.4.1. Brunsone's model 

To implement this model, the coefficient K in Eq. (8) is 
fundamental. To account for non-Newtonian fluids in this 
equation, Reynolds number (Re) has to be accordingly 
defined [10]: 

𝐑𝐑𝐑𝐑 = 𝟖𝟖𝟖𝟖𝑽𝑽𝟐𝟐−𝒏𝒏𝑫𝑫𝒏𝒏

𝒎𝒎(𝟔𝟔+𝟐𝟐/𝒏𝒏)𝒏𝒏                                                        (11)  

Using Eq. (11),  𝐶𝐶∗ in Eq. (9) is found in Brunone’s 
model: 

𝐶𝐶∗ = 0.015 (0.28𝜌𝜌𝑉𝑉1−𝑛𝑛𝐷𝐷𝑛𝑛

𝑚𝑚(6+2/𝑛𝑛)𝑛𝑛
√𝑚𝑚(8𝑉𝑉

𝐷𝐷 (3𝑛𝑛+1
4𝑛𝑛 ))𝑛𝑛

𝜌𝜌 )                    (12)   

                                                   �     (11)

Using Eq. (11), * C  in Eq. (9) is found in Brunone’s 
model:

1
*

8 3 1( )
0.28 40.015

(6 2 / )

n
n n

n

V nm
V D D nC

m n
ρ

ρ

−

 + 
  

  =
 +
 
 

                    (12)  

     
2.4.2. Zeilke model

Considering Eq. (7), the weight function in Zeilke’s model 
is computed according to  *τ  which itself depends on the 
kinematic viscosity /ϑ η ρ=  which is made available using 
Eq. (10). Furthermore, a close investigation of power-law 
fluids during steady-state allows for computing the velocity 
gradient at the pipe wall [8]:  

3 1 8 ( )
4

z
w

dV n V
dr n D

+   =      
                                                      (13)

Eq. (13) in combination with Eq. (10) provides *τ : 

1
1

*
2 2 2

3 1 8( )( ) 444

4

n
n

n VdV mm n Ddr tt

t
D D D

ρρ
ϑτ

−
−

 +                    
   = = =          (14)

3. VERIFICATION OF THE PROPOSED MODEL
The numerical results of the proposed solution  

( 1Dh ) were compared with those of Majd et al. 2( Dh ) [6] 
for a copper pipe, D = 0.025m, L = 36.09 m, Re = 82 and a = 
1324 m/s contained by high-viscosity oil of μ=0.03484 N.s/
m2. Figure 1 depicts computed heads at the valve (Zeilke 
model) and Figure 2 displays error (Eq. (15)) between the two 
aforementioned models versus time computed by:

( ) ( ) ( )2 1error  D Dt h t h t= −                                            (15)

 

 

 

 

 

 

 

 

 

 Figure 1. Head at the valve located in the present study based on Zeilke’s model 
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Fig. 1. Head at the valve located in the present study based on 
Zeilke’s model
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4. CONCLUSIONS
A fast, efficient and simple approximation for transients in 

non-Newtonian fluids was developed. The method was based 
on the well-known unsteady friction models of Brunone and 
Zeilke which was herein modified to treat power-law fluids 
during fluid hammer. The core idea behind this study was the 
computation of the shear stress only at the pipe wall instead 
of the whole flow cross-section. This stress was computed by 
the existing relation between the non-Newtonian viscosity 
of the fluid and the wall-shear stress which was derived for 
steady-state conditions but herein was exploited temporarily 
during transients. The proposed model was validated against 
verified and accurate two-dimensional transient results 
from literature and reveal acceptable approximation to fluid 
hammer simulation in power-law fluids.

	
	

 

 

 

 

 

 

 

 

 

 

 

 

 Figure 2. Error propagation of the present model with respect to Majd et al.’s [6] study.  

 

Fig. 2. Error propagation of the present model with respect to 
Majd et al.’s [6] study. 
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