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ABSTRACT: One of the most important issues in the calculation of the bearing capacity of rock masses 
is the method of application of the rock mass failure criterion. The Hoek-Brown failure criterion is the 
most useful criterion in practical applications. For applying this criterion in the upper bound method of 
limit analysis, one should linearize it using the single or multi-tangential technique. In this paper, the 
method of linearization of the Hoek-Brown criterion is investigated to determine the bearing capacity 
of embedded footings on rock masses. Since different stress levels have existed in the rock mass body, 
the multi-tangential technique results in the best approximation of the nonlinear Hoek-Brown criterion. 
As a novelty for the current research, the embedment depth of the footing is considered directly in the 
upper bound formulations instead of replacing it with an equivalent surcharge. The obtained results 
show that considering the embedment depth of footings along with using the multi-tangential technique 
result in increasing the accuracy of the results. In the methods which consider the embedment depth as 
an equivalent surcharge, the extension of the failure lines through the rock mass above the footing base 
cannot be considered. 
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1- Introduction
The design of footings on rock masses involves 

investigating various aspects, one of which is the determination 
of bearing capacity. In this paper, the effect of linearization of 
Hoek-Brown criterion on the bearing capacity of rock masses 
was investigated using the upper bound method of limit 
analysis. The effect of footings embedment depth was also 
considered in the analyses. Finally, comprehensive sensitivity 
analyses were performed to determine the effects of different 
parameters on the bearing capacity of rock masses.

2- Methodology
The failure mechanism considered in the present paper 

is shown in Figure 1. Due to the symmetry, only the central 
wedge and half of the failure mechanism are shown. This 
mechanism has the capability of considering the embedment 
of the footing. The number of wedges in the mechanism was 
obtained during the optimization process in order to result in 
the best (lowest) value of the ultimate bearing capacity.

In this paper, the modified Hoek-Brown nonlinear failure 
criterion was used which is the most practically applicable 
criterion for analyzing rock mass behavior and provides a 
good agreement with the experimental results. Despite its 
original nonlinear form, this criterion was also linearized 
in analyzing stability problems. Two common methods 

were used by different researchers for linearizing the Hoek-
Brown criterion in the upper bound method which include 
the tangential line method [1-3] and the multi tangential 
technique [4-8]. In these two methods, the nonlinear Hoek-
Brown criterion is replaced by one or several tangential lines, 
respectively. Each one of these tangential lines has a unique 
slope and y-axis intercept, which correspond to the internal 
friction angle and the cohesion of the rock mass, respectively. 
Obviously, in the tangential line method, a constant value of 
the internal friction angle and the cohesion is obtained for the 
whole rock mass, whereas in the multi-tangential technique, 
different values of friction angle and cohesion are obtained 
for the rock mass according to the level of stress. 

In order to calculate the bearing capacity by the upper 
bound method, the total external work performed in the 
mechanism should be equated to the internal energy dissipated 
through the velocity discontinuity lines. By doing so, the 
equation of the ultimate bearing capacity of rock masses was 
obtained as follows:
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Where s is the Hoek-Brown parameter which 
depends on GSI (Geological Strength Index), σci is the 
uniaxial compressive strength of the intact rock, q is the 
surcharge, γ is the unit weight of the rock mass, B is the 
footing width and DN  , D

qN , DN  , are the bearing 

capacity factors. Since the uniaxial compressive 
strength of the intact rocks is commonly high, the effect 
of surcharge and unit weight of the rock masses do not 
have a considerable effect on the bearing capacity. 
Therefore, Eq. (1), changes to the following form: 
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Therefore, the bearing capacity factor, DN  , can be 
written as follows: 
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3. Results and Discussion 

The upper bound formula of the bearing capacity 
should be optimized to achieve the best (lowest) 
magnitude of the bearing capacity. Using the 
optimization process, the optimum number of wedges 
was obtained equal to 19. The results of this study were 
compared with the results of other researchers who have 
used the multi-tangential technique. Assuming γ = 21 
kN/m3, D = 0, and GSI = 30, Figure 2 shows that the 
bearing capacity obtained from the present study is 
more than that of AlKhafaji et al. [7] method. The 
maximum difference between these two methods is 
equal to 14%. Also, the bearing capacity obtained from 
the present paper is lower than that proposed by Saada 
et al. [4], with the maximum difference equal to 22 %.  

Figure 3 compares the results of the present paper 
with that of Imani and Aali [3] which is based on the 
tangential linearization of the Hoek-Brown criterion. It 
was assumed that the Hoek-Brown constant, mi, is equal 
to 10. It is clear that using the multi-tangential technique 

 (1)

Where s is the Hoek-Brown parameter which depends 

*Corresponding author’s email: Imani@aut.ac.ir
                                  
                                  Copyrights for this article are retained by the author(s) with publishing rights granted to Amirkabir University Press. The content of this article                                                  
                                 is subject to the terms and conditions of the Creative Commons Attribution 4.0 International (CC-BY-NC 4.0) License. For more information, 
please visit https://www.creativecommons.org/licenses/by-nc/4.0/legalcode.



S. Shamloo and M. Imani , Amirkabir J. Civil. Eng., 54(4) (2022) 265-268, DOI: 10.22060/ceej.2021.19427.7170

266

on GSI (Geological Strength Index), σci is the uniaxial 
compressive strength of the intact rock, q is the surcharge, 
γ is the unit weight of the rock mass, B is the footing width 
and DN σ , D

qN , DN γ , are the bearing capacity factors. Since 
the uniaxial compressive strength of the intact rocks is 
commonly high, the effect of surcharge and unit weight of the 
rock masses do not have a considerable effect on the bearing 
capacity. Therefore, Eq. (1), changes to the following form:
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4. Conclusion 

In this paper, the effect of linearization of Hoek-
Brown criterion on the bearing capacity of rock masses 
was investigated using the upper bound method of limit 
analysis. A formula was proposed for the bearing 
capacity of rock masses considering the multi-tangential 
technique for linearizing the Hoek-Brown criterion. The 
obtained results show that linearizing the nonlinear 
Hoek-Brown criterion with a single line, i.e., the 
tangential method, results in unreliable bearing capacity. 
However, the multi-tangential technique can 
considerably improve the bearing capacity of rock 
masses. Among different parameters affecting the 
bearing capacity factor, DN  , GSI, mi, and D have the 
highest influence.  

References 

[1] X.-L. Yang, J.-H. Yin, Upper bound solution for 
ultimate bearing capacity with a modified Hoek–Brown 
failure criterion, International Journal of Rock 
Mechanics and Mining Sciences, 42(4) (2005) 550-560. 
[2] X.-L. Yang, Seismic bearing capacity of a strip 
footing on rock slopes, Canadian Geotechnical Journal, 
46(8) (2009) 943-954. 
[3] M. Imani, R. Aali, Effects of Embedment Depth of 
Foundations on Ultimate Bearing Capacity of Rock 
Masses, Geotechnical and Geological Engineering, 
38(6) (2020) 6511-6528. 
[4] Z. Saada, S. Maghous, D. Garnier, Bearing capacity 
of shallow foundations on rocks obeying a modified 
Hoek–Brown failure criterion, Computers and 
Geotechnics, 35(2) (2008) 144-154. 
[5] Z. Saada, S. Maghous, D. Garnier, Seismic bearing 
capacity of shallow foundations near rock slopes using 
the generalized Hoek–Brown criterion, International 
Journal for Numerical and Analytical Methods in 
Geomechanics, 35(6) (2011) 724-748. 
[6] N. Mao, T. Al-Bittar, A.-H. Soubra, Probabilistic 
analysis and design of strip foundations resting on rocks 
obeying Hoek–Brown failure criterion, International 
Journal of Rock Mechanics and Mining Sciences, 49 
(2012) 45-58. 
[7] H. AlKhafaji, M. Imani, A. Fahimifar, Ultimate 
bearing capacity of rock mass foundations subjected to 
seepage forces using modified Hoek–Brown criterion, 
Rock Mechanics and Rock Engineering, 53(1) (2020) 
251-268. 
[8] S. Shamloo, M. Imani, Upper bound solution for the 
bearing capacity of two adjacent footings on rock 
masses, Computers and Geotechnics, 129 (2021) 
103855. 
[9] M. Mansouri, M. Imani, A. Fahimifar, Ultimate 
bearing capacity of rock masses under square and 
rectangular footings, Computers and Geotechnics, 111 
(2019) 1-9. 

 

Fig. 2. Comparison of the bearing capacities obtained 
from the methods which are based on the multi-tan-

gential technique

 

in the present research results in smaller values of DN   
and the corresponding bearing capacity which is of 
paramount importance in practical applications. 

2

3

4

5

6

7

0 0.5 1 1.5 2 2.5

q u
D

(M
Pa

)

Df / B

Saada et al. [4]

Present study

Alkhafaji et al. [7]

mi = 10

 

Figure 2. Comparison of the bearing capacities obtained 
from the methods which are based on the multi-tangential 

technique 

0

10

20

30

40

50

60

70

80

90

0.5 1 1.5 2 2.5 3

N

Df / B

GSI=30 GSI=30
GSI=50 GSI=50
GSI=70 GSI=70
GSI=90 GSI=90

   

Present study       Imani and Aali [ ] mi = 10

 

Figure 3. Comparison of the bearing capacities obtained 
from the multi-tangential and tangential methods  

 

Assuming σci = 10 MPa and D = 0, Fig. 4 illustrates 
the variation of DN  versus GSI. As can be seen, the 

DN   increases with increasing the GSI from 10 to 30, 
and decreases from 30 to 90. The same trend can be 
seen in the previous studies [1-3, 8, 9]. For a constant 
value of GSI, the DN  are larger for higher Df/B ratios. 

5

10

15

20

25

30

10 20 30 40 50 60 70 80 90

or

GSI

d=0.5
d=1
d=1.5
d=2
d=3
d=4
d=5   

Df/B=0.5
Df/B=1
Df/B=1.5
Df/B=2
Df/B=3
Df/B=4
Df/B=5

 

Figure 4. Variation of DN   versus GSI assuming mi = 10 

4. Conclusion 

In this paper, the effect of linearization of Hoek-
Brown criterion on the bearing capacity of rock masses 
was investigated using the upper bound method of limit 
analysis. A formula was proposed for the bearing 
capacity of rock masses considering the multi-tangential 
technique for linearizing the Hoek-Brown criterion. The 
obtained results show that linearizing the nonlinear 
Hoek-Brown criterion with a single line, i.e., the 
tangential method, results in unreliable bearing capacity. 
However, the multi-tangential technique can 
considerably improve the bearing capacity of rock 
masses. Among different parameters affecting the 
bearing capacity factor, DN  , GSI, mi, and D have the 
highest influence.  
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In this paper, the effect of linearization of Hoek-
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increases with increasing the GSI from 10 to 30, and decreases 
from 30 to 90. The same trend can be seen in the previous 
studies [1-3, 8, 9]. For a constant value of GSI, the DN σ are 
larger for higher Df/B ratios.

4- Conclusion
In this paper, the effect of linearization of Hoek-Brown 

criterion on the bearing capacity of rock masses was 
investigated using the upper bound method of limit analysis. A 
formula was proposed for the bearing capacity of rock masses 
considering the multi-tangential technique for linearizing 
the Hoek-Brown criterion. The obtained results show that 
linearizing the nonlinear Hoek-Brown criterion with a single 
line, i.e., the tangential method, results in unreliable bearing 
capacity. However, the multi-tangential technique can 
considerably improve the bearing capacity of rock masses. 
Among different parameters affecting the bearing capacity 
factor, DN σ , GSI, mi, and D have the highest influence. 
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